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Abstract
In this thesis I study Quantum Chromodynamics on the lattice. This formulation 
of QCD allows for a first-principles calculation of the hadron mass spectrum. 
Comprehensive agreement with experiment has yet to be achieved, and this is due 
in part to the difficulties of isolating the ground state mass from the spectrum of 
excited states created using an interpolating field on the lattice.
In the first chapter, after briefly introducing the standard Wilson action for lattice 
QCD, and the improved clover action with reduced discretisations errors, the stan- 
dard techniques for extracting hadron masses are reviewed. In the second chapter 
I present two new methods for the extraction of hadron masses using a combina- 
tion of two operators with the same quantum numbers to isolate the ground and 
first excited states. I apply these two methods to the low-lying hadron states and 
compare the results with existing methods for extracting the first excited state.
Conventionally the Wilson and clover actions are assumed to be inappropriate for 
the simulation of hadrons containing one or more quarks with Compton wave- 
lengths shorter than twice the lattice spacing. The discretisation errors for both 
actions are expected to diverge in this limit. In chapter three I discuss a proposal 
that actions of this type are suitable for non-relativistic QCD. This proposal sug- 
gests a continuum non-relativistic dispersion relation for hadrons containing heavy 
quarks, parameterised by two mass scales. A dispersion relation of this form is 
tested against the finite-momentum behaviour of the pseudoscalar mesons contain- 
ing one or more heavy quarks. The effects of using the different mass parameters 
to fix the physical quark mass on the predictions for the pseudoscalar and vector 
decay constants are studied, and this analysis is extended to the mass splittings 
in the mesons containing one or more heavy quarks in chapter four.
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This chapter presents a brief overview of the lattice formulation of Quantum 
Chromodynamics (QCD), leading from the discretisation of the QCD action to 
the extraction of physical quantities.
1.1 Introduction
QCD is the gauge theory of the interactions of quarks and gluons, the constituents 
of hadronic matter. The asymptotic freedom property of QCD, which means that 
the coupling between quarks and gluons is small for small quark separations, has 
led to highly successful quantitative perturbative calculations of high energy phe- 
nomena. However, at intermediate and low energy scales the coupling is O(l), and 
hence many of the fundamental properties of hadrons, such as the mass spectrum, 
are inaccessible in perturbation theory. Thus, a non-perturbative treatment of 
QCD is required and lattice QCD provides the only possible framework at present.
In lattice QCD, the gauge theory is formulated on a discrete lattice of points in 
Euclidean space-time. Regularising QCD in this manner, quantum averages are
1
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given by mathematically well-defined expressions, at all values of the coupling. 
In addition, this approach allows for a closer analogy with a statistical mechanics 
system, and the use of all the calculational techniques developed therein, such as 
the powerful Monte Carlo technique. Considerable freedom exists in the choice 
of lattice action, since, a priori, the only requirement is that it reproduces the 
correct classical expression in the naive continuum limit. Thus, the lattice action 
can be systematically improved through the addition of extra terms proportional 
to powers of the lattice spacing.
In recent years, lattice QCD has begun to enter the mainstream of particle physics 
and I shall only present elements of the subject here. More detailed reviews are 
contained in references [1, 2, 3]
1.2 The Lattice Formulation of QCD
The action for QCD in the continuum is
S = J d*x-FvtlFVfjL + 'ii>(]p + m)i> (1.1) 
where ^/», $ are the fermionic quark fields and FV(J, is the gluon field strength tensor.
In a lattice formulation of QCD, the fermion fields are only defined on the lattice 
sites. The representation chosen for the gauge fields, A^(x), is determined by the 
requirement that gauge invariance be preserved. In the continuum, in order to 
construct a gauge-invariant scalar product from fields $(y) and i/j(z), the field 
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is gauge-invariant. This suggests that on the lattice the gauge fields should be 
associated with the links between neighbouring lattice sites, and thus the gauge 
variable,
A
U»(x) = exp(ia0AM(x + £)) 6 5tf(3) (1.4)
£i
is used to represent the link from site x in direction /x.
There are two types of gauge-invariant object which can be constructed on the 
lattice: a product of gauge links connecting a fermion and an antifermion, the 
simplest of which is (1.3), and a product of links around a closed loop, the smallest 
of which is the plaquette
U° = U»(x)Uv(x + fi)Ul(x + fi)U}(x), (1.5) 
where a is set to 1.
1.2.1 The Wilson Action
Thus, using these building blocks, it is possible to construct a lattice QCD action. 
The gluonic term in the lattice action poses no problems and is defined as [4]
X
where /? = 6/g2 . For the fermionic part, however, the naive choice of
x
(1.7)
obtained by replacing the covariant derivative in (1.1) by a finite difference, defines 
a theory whose continuum limit contains 24 fermions; this is known as species 
doubling. As noted above the lattice action is not unique, and an extra term can
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be added which gives 24   1 of the fermions, masses proportional to a"1 ; this was 
the approach suggested by Wilson [5]. The resulting action is
SWF = £{£ ?(x)J [U,(x)(r - ̂ )l>(x + A) + Ufrx - A)(r + iM(x - /*)]
a? jt=0 ^
+(m + 4r)^(x)^(x)}. (1.8) 
r is now set to 1.
A more common parameterisation of the Wilson fermion action is in terms of the 
hopping parameter, /c,
SWF = ~
where the Wilson fermion matrix vMwF(a;,3/) is defined as
MWF(X,V) = 6(x,y) - K$(x,y) (1.10) 
and
(i.ii)
The bare quark mass is defined as
1 /I 1m= 9U~~
£t \ /v
where « .»< is the value of the hopping parameter corresponding to zero quark 
mass. In the limit where the fermions are asymptotically free &„& = l/(8r).
1.2.2 The Clover Action
For lattice spacing a, SWF differs from the fermionic term in the continuum action 
by a term of 0(a), while SG differs by terms of O(a2 ). Although in the continuum
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limit these corrections should not matter, from current numerical simulations 
there is some evidence that it affects the results. Since the major discretisation 
error comes from the fermions, attempts to reduce this error have concentrated on 
improving the fermion action. The prescription for removing O(a) effects proposed 
by Heatlie [6] is considered here. The fermion fields are rotated:
= M - -(7 . D - m) j V>
(1-13)
and an extra term, A5, originally proposed by Sheikholeslami and Wohlert [7],
X (J,,V
is added to the fermion action (dubbed the clover or S-W action):
Sc = Sp + AS (1.15) 
In equation (1.14) F^v is the lattice definition of the field strength tensor,
and the sum is over the 4-plaquettes in the //i/-plane around site x. In the fol- 
lowing, the term 'the general Wilson action' will be used when referring to both 
the clover and Wilson actions. Heatlie et al. demonstrated the absence of leading 
logarithmic terms at n order in perturbation theory, in matrix elements of op- 
erators rotated according to (1.13). These terms are of the form (j2namn a, and 
hence effectively O(a) in the weak coupling regime.
1.2.3 Mean-Field Improvement
Lepage and Mackenzie [8] have suggested that, without rotating the operators, 
loop 0(a) effects can be removed by a suitable choice of c and a rescaling of the
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fermion fields. These authors have attempted to calculate the value of c using 
mean field theory. They observed that in lattice perturbation theory, tadpole 
graphs spoil the relation between the lattice and continuum gauge field:
U» = ei3aA»(x) -» 1 + igaA^x) (1.17)
The average link is considerably smaller than one, and this suggests an alternative 
expansion
Up -> i*o(l + igaA^x)) (1.18)
about the average link, UQ. Lepage and Mackenzie argue that U^/UQ is a better 
approximation to the continuum field, and hence the lattice action,
So = £5^ ° (1-19) 9 uo
will approximate continuum behaviour more closely than SG- It is only necessary 
to rescale the coupling,
g -> g = g2K (1-20)
in order to obtain SG from SG- The same consideration of the fermion action 
leads to
c — > c = C/UQ, AC   » « = Actio
can be defined in a number of ways; most commonly, either UQ = (|(^D )) T or 
= l/(&Kcrit) is used.
Furthermore, these authors assert that the correct normalisation of the fermion
fields for AC away from Kcrit, i-e. for heavy quark masses, is \A   6/c rather than 
the conventional \/2« [8, 9, 10]. Combined with the mean-field improvement, this
becomes \J\ — 6k (referred to here as the mean-field heavy-quark normalisation).
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1.3 Numerical Simulation
Having defined QCD on a lattice, we can proceed to the calculation of physical 
quantities. In lattice QCD, as in any field theory, this involves the calculation 
of the expectation value of some operator. In the path integral formalism the 
expectation value of an operator, (9, is
(O) = T^T>^'DUOe- M^-Sa (1.22) Z J
where Z is the partition function and M represents the fermion matrix. The 
most fundamental quantity to consider is quark propagator, G(x,y), for which 
O = i/>(x)ip(y) and
G(x t y) = (iKx$f(y)) (1.23) 
= ^ t Ttfl>l>Uil>(x)'f(y)e :+M+-Sa (1.24)
The integration over the fermion fields can be done analytically to give
5, y) = ^ {v^V^VUM-l (x,y)^\,Me-S(3 (1.25) Z J
In order to evaluate this numerically, a method of generating a representative 
ensemble of field configurations, {U^\i = 1 . . . Nconf} where Nconf is the number 
of configurations, is required. This is done using importance sampling, where the 
configurations are generated with the probability
(1.26)
G(x,y) is then approximated by
Ncmf
(1-2T)
where G (x,y; U^j is the quark propagator evaluated on the i'th configuration. 
Since the fermion matrix is a highly non-local object, the generation of gauge con- 
figurations using (1.26) is prohibitively expensive for the computational resources
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available for most lattice QCD calculations. The simpliest way to overcome this 
problem, and the one used here, is to set deiM = 1. This is known as the quenched 
approximation and corresponds to the omission of internal fermion loops. There 
is little physical justification for this approximation, and it may introduce a signif- 
icant systematic error in the predictions for physical quantities, and in particular, 
those quantities which are sensitive to short distance effects; this is discussed in 
Chapter 4.
From (1.25), in order to obtain G fz,t/; Z/Wj it is necessary to invert the fermion 
matrix, and this can be done by solving equations of the form,
A4(*,y)G(y,0) = iK*,0), (1.28)
where rj(x, 0) is a source function. In this work, both point and spatially-extended 
functions are used; the latter are called "smeared" sources and will be discussed 
in Chapter 2.
The gauge configurations and quark propagators used in this thesis were pro- 
duced as part of the UKQCD project on the 64-node i860 Meiko Computing 
Surface at the University of Edinburgh. The SU(3) gauge fields were generated 
using the Hybrid Over- Relaxed algorithm, detailed in reference [13]. The Over- 
Relaxed Minimal Residual algorithm with red-black preconditioning was used to 
solve (1.28); a detailed study of this algorithm is contained in reference [14].
The following sections will show that by computing the quark propagator it is 
possible to construct the correlators of hadron operators, and hence investigate 
the properties of lattice hadrons.
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1.4 Hadron Operators
Consider the hadron correlator
c(x,t) = (0|O(x)Ot(0)|0> (1.29)
where O is the generic hadron operator. For mesons this operator has the form
(1.30)
and F can be any one of the 16 linearly independent 7-matrix combinations. By 
inserting (1.30), the correlator becomes
c(x, t) = (o|(»)i(»)o)r ,(o)l«) (1.31)




Prom the lattice Dirac equation
and hence
(1.35)
A similar analysis is possible for the baryons, where the generic operator has the 
form
0B = ea^(^(x)CT^I(x))^(x) (1.36)
for quark flavours 1, 2, 3 and colours a, /?, a;. C is the charge conjugation matrix. 
Thus, any hadron correlator can be obtained by constructing an operator with





















Table 1.1: The meson and baryon operators.
the correct quantum numbers, through an appropriate choice of F, and calculating 
the quark propagator.
Table 1.1 lists the hadron operators used in this thesis, where PS and V denote 
the pseudoscalar and vector meson channels respectively. Note that there is not 
a unique choice of operator. For example, <07475 <0 and <0747»'0 also have the same 
quantum numbers as the pseudoscalar and vector mesons respectively; However, 
for each channel the operators appearing in table 1.1 were found to provide the 
best signal. It is also interesting to note that for the pseudoscalar meson, for 
which F = 75
(1.37)
the correlator is absolute value of the quark propagator squared.
1.5 Correlation Functions and Masses
Returning to equation (1.29), and inserting a complete set of states, labelled by 
spatial momentum p and particle Xn , and using translational invariance,
n
(1.38)
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The correlator at momentum q can be obtained by weighting the operators with 
the phase factor e~**'£ and summing over the lattice:
Working in Euclidean space with a lattice periodic in time, T,
<#,*) = £ (X(?>-B"Wi + Bn(g>-B"<«<r->) (1.41)
n
where,
and * indicates the backwardly propagating particle. At large times,
c(£ t) ~ (4,($)e-*«>* + BoCflc-^W^-O) (1.44)
For mesons, the forwardly and backwardly propagating particles are identical, and 
equation (1.44) becomes
c(q, t) = 2A0(q)e-EMT/2 cosh E0 (<fi (| - t) (1.45)
However, the backwardly propagating state created with a forwardly propagating 
baryon is the baryon parity partner; A0(q) ^ BQ (q) and EQ (q) ^ E0 *(q).
Thus, from equation (1.44) the energy of the lightest state can be extracted from 
the exponential decay of the correlation function.
1.6 Extracting Mass Estimates
With the knowledge of how to construct hadron correlators using combinations of 
the quark propagator, and the asymptotic form of these correlators, it is possible 
to extract the ground-state hadron masses.
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The primary difficulty in this final stage is one of reliably identifying the region of 
timeslices where the correlator takes the asymptotic form in equation (1.44), or in 
terms of some estimator of the ground state energy, identifying the plateau region. 
Strictly speaking this only occurs in the limit t —> oo, and excited states always 
contribute to c(q, t) for finite t. However, for finite statistics, equation (1.44) 
approximates the correlator at timeslices where the excited state contribution is 
far less than the statistical errors in the correlator.
The statistical errors can, over a few timeslices, conspire to give the impression 
that the asymptotic region has been reached, while the excited state contributions 
to the correlator are still significant. If the temporal length of the lattice is 
restricted (a particular problem when periodic boundary conditions are imposed 
since the effective propagation time is T/2) this may lead to the misidentification 
of the plateau region. Thus, the plateau region must extend over at least 5 or 6 
timeslices in order to provide confidence in the estimate of the ground state energy 
extracted. This difficulty is given further consideration in the next chapter.
1.6.1 Effective Mass
A useful diagnostic tool for determining the region of timeslices where the corre- 
lator takes the asymptotic form in equation (1.44) is the effective mass, me^(t). 
The effective mass is calculated using the values of the correlator from adjacent 
timeslices. The definition,
is used here, where the function F is cosh"1 for the meson correlators and In for 
the baryons. In the meson case, this definition has the advantage that it properly 
deals with interference between the contributions to c(q, t) from the forward and 
backwardly propagating states [15], and thus remains valid close to t = T/2.
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Prom (1.44) and (1.45), as t increases and the contributions to c(q, t) from the 
excited states become less significant, the effective mass tends to the value of the 
ground state energy.
1.6.2 Correlated fits
The effective mass can be used as an estimate of the ground state energy, but the 
values of the correlator at only two timeslices are used. A more reliable estimate 
is obtained from fitting to the correlator over as many timeslices as possible. 
Equations (1.44) and (1.45) suggest fitting functions of the form
= A(?)F(E(q),t,T) (1.47)
= A(q)coshE(q)(T/2-t) mesons (1.48)
baryons (1.49)
where A(q) is the amplitude of the ground state.
The standard way to fit data to a functional form is to minimise a measure of 
the goodness of fit as a function of the fit parameters, a = (A(q), E(q)). If 
the procedure is to be a meaningful test of the fitting function, such a measure 
must take into account the correlations existing between the values of c(q, t) at 
different timeslices If correlators at different values of the hopping parameter are 
fitted simultaneously then, ideally, the correlations between the data at different 
K values should also be included. In this work, the correlated-%2 is used, where
S) = £ E COT(*<. *irl«9, *i) - <=(«- *ii 5))W«, *,') - c(fl, tfl 5)). (1-50)
ti tj
and c(f, tj\ a) is the theoretical value for the correlator at timeslice tj derived from 
the parameters a. The data covariance matrix is
N
(1.51)
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The sum is over N configurations, and Cfc(^,t») is the value of the correlator at 
timeslice t» from configuration k.
Equation (1.50) does not include the K, correlations. For a correlator fitted over 
tit timeslices, (1.51) is an nt x nt matrix. The number of configurations must 
be at least as large as nt otherwise the the covariance matrix contains repeated 
rows, and is singular. If the correlator is also being fitted at ra* values of the 
hopping parameter, the minimum value of N required rises to n^n^. The number 
of configurations available for the various studies in this work are not sufficient to 
include the K correlations. Nevertheless, these correlations still exist in the data 
and N should not fall too far below
A "good" fit to the correlator is indicated by a value of %2 close to the number 
of degrees of freedom, n, where n = nt   n0 , and na is the number of fit param- 
eters. There is no clear minimum value of %2 , above which the fit function is 
not considered a good functional representation of the data, however xVn < 3 
is reasonable cut-off [16, 17]. In the following %2 will be used to denote x2 per 
degree of freedom.
1.6.3 Error Estimation
Except where explicitly stated otherwise, the errors quoted for the fit parameters 
are purely statistical and are calculated according to the prescription [18]:
  create 1000 bootstrap samples from the original dataset of N configurations 
by randomly choosing, with replacement, N configurations per sample;
  for each bootstrap sample, perform all the mass fits and extrapolations as 
for the original data;
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• obtain the errors on a given quantity from the 68% confidence limits of the 
corresponding bootstrap distribution.
1.6.4 Fitting Procedure
Following the reasoning of [19] we adopt the procedure of fitting to the correlator 
over as many timeslices as possible as far out as possible, in the hope of reducing 
contamination from excited states. The region of timeslices where the effective 
mass is constant within statistical errors, indicates an appropriate fitting range. 
tmax is fixed to be as large as possible, by choosing the timeslice within the plateau 
region which is furthest from the source, before the region when statistical errors 
dominate. tmin is chosen to be 3 or 4 timeslices less than tmax , and then reduced 
until the %2 shows a significant increase.
Chapter 2
Multistate Techniques Applied to the Light 
Hadron Spectrum
This chapter addresses the problem of extracting hadron masses in the context of 
the light hadron spectrum. A brief motivation for studying new methods for the 
extraction of hadron masses, is given in §(2.1). §(2.2) outlines two methods, each 
using a combination of two operators with the same quantum numbers to isolate 
the ground and first excited states. Possible candidates for these operators are the 
smeared and local operators, and an overview of the chosen smearing technique 
is given in §(2.3). §(2.4) presents the results obtained using the Wilson action at 
(3 = 6.2. The subtraction fit method is then outlined, and used as an independent 
check on these results. Next, all three methods are applied to data involving local 
operators and the clover action at (3 = 6.2. The chapter closes with a summary 
of the analysis.
16
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2.1 Motivation
The pioneering work in lattice QCD during the early 1980s [19, 20, 21, 22], cen- 
tered on a reproduction of the hadron spectrum in the light sector. To date this 
validation of the lattice approach remains a fundamental goal. Although much 
progress has been made from the low statistics, small lattice beginnings, a defini- 
tive calculation is still out of reach. With statistical errors now of the order of 
a few percent, there is a need to re-analyse and quantify the magnitude of the 
systematic errors involved in calculating hadron masses.
The main sources of error can be identified as the use of the quenched approxima- 
tion, finite lattice size, finite lattice spacing, and the techniques used for extraction 
of hadron masses. The work in this chapter is concerned with the latter. A review 
of the current status of the other sources of error is contained within reference [23].
The results for hadron masses at the same /3 values often differ beyond quoted 
errors even among simulations with quite high statistics, and this points towards 
possible systematic errors in the extraction of masses from correlators. For exam- 
ple, the discrepancy between the values obtained by APE [24] and QCDPAX [25] 
for the mass of the vector meson is three times larger than the statistical error 
of 1%. APE found mv = 0.429(4) compared to 0.417(5) obtained by QCDPAX, 
where both groups used (3 = 6.0 with Wilson fermions at K = 0.155 on the same 
spatial lattice size of 243 .
This discrepancy may be due to the fitting range used by APE corresponding to a 
region where excited state contributions to the correlator are significant. A fit to 
the correlator was performed between t = 9 and 15, where T/2 = 16. In contrast, 
QCDPAX used t = 15 to 26, where T/2 = 27. This group found the effective 
mass decreased by approximately 3% from t = 10tot = 16, consistent with the 
discrepancy between the results of the two investigations.
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This disagreement is particularly worrying considering that the APE results were 
derived using quark propagators "smeared" at the source. Such sources are spa- 
tially extended and are expected to have a larger overlap with the ground state 
wavefunction than the conventional point source. Hence, the contamination from 
excited states is expected to be less for smeared correlators, and the ground state 
isolated closer to the source compared to using correlators local at both the source 
and sink (LL).
The results of the two groups illustrate that use of a systematic fitting procedure, 
such as the one outlined in §(1.6.4), will provide a fitting range which corresponds 
to a plateau region in the effective masses; however, if the lattice size and statistics 
are limited, and hence the plateau is over a short time interval, this may be a mis- 
identification of the true asymptotic region. Furthermore, smearing may reduce 
the contributions of excited states but not to the extent of isolating the ground 
state closer to the source. The increase in statistical noise in the correlator, 
accompanying the use of smeared sources, means that limited statistics are a 
particular problem; the plateau region in the effective masses may begin at earlier 
timeslices but it is still over a short time interval and it is difficult to obtain 
confidence in the fitting ranges chosen.
More information is needed about the excited-state contributions for a clearer 
picture to emerge. A first step is to calculate the mass and amplitude of the first 
excited state; however, the ultimate goal is an improvement in the isolation of the 
ground state and the corresponding mass estimate. Two methods which attempt 
to achieve both through the combining of the correlators representing the same 
particle channel are studied in the following sections.
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2.2 Multistate Methods
Consider a set of m independent operators, {O^i = l,...,m}, with the same 
quantum numbers, and a basis of hadron states,
> n = 0,1,2,.... (2.1)
Using all combinations of d to create and annihilate the particle, an m x m 




and MI is an arbitrary normalisation factor for the operator Oi. Inserting a com- 








There is in general an infinite number of excited states that contribute to the cor- 
relators Cjj(t). However if only m of those states make a significant contribution 
then the set of m operators will effectively span the space of physical states. The 
isolation of each state can be sought, therefore, by considering various manipu- 
lations of the matrix C(t). In the following sections two such methods will be 
discussed, both based on the work of Luscher et al [26]. As the analysis is re- 
stricted to two operators, only the separation of the ground state and first excited
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state can be attempted. Note, only a single, relative, normalisation factor (a;) 
need be used in this case.
2.2.1 Transfer Matrix
Consider the eigenvalue equation
<7(t)u=A(t,t0)(7(toK (2.5)
for fixed t0 < t. This is the transfer matrix equation for a particle travelling 
from time to to t. If the system contains only two independent states, then the 
eigenvalues, A+/_(t,to)> of the transfer matrix are
, (2.6)
and the ground state and first excited state are separated exactly. In the general 
case, where there are more than two states, the further excited states introduce 
corrections to equation (2.6) and the eigenvalues have the form:
A+(t, t0 ) = e-
A_(t,t0) = c-^-*°)*W + c_(*0)e-J%(*)t + .... (2.7)
At sufficiently large times, the first two states are dominant, and equation (2.7) 
shows that A+ (t,to) will have a contribution from the first excited state. In this 
limit, the only difference between (2.7) and (2.6) is that the two states form 
a complete set in the ideal two-state case but not in the general case, where 
(ao)2 + (ai)2 7^ 1 and (°o)2 + (°i)2 ^ 1- However, even if the two states do not form 
a complete set in the ideal case, the two states are separated. Hence A+ (t, t0) must 
be approximately equal to A+5(t,t0) - i.e. the contribution from the first excited 
state to A+(t,to) must be suppressed. This suggests the coefficient c+(t0) does 
not grow exponentially with t0 . The first excited state contribution to A+(t,t0 )
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is expected, therefore, to be further suppressed relative to the leading behaviour, 
for large t0 , and it is desirable to study A+ (t,t0) for t0 as large as possible. As 
the corrections to the leading behaviour of A_(t,t0) are from the second excited 
state, it is unclear whether these corrections are small, or suppressed for large to.
2.2.2 Matrix of Correlators
An alternative approach to §(2.2.1) is to find the eigenvalues x+/-(*,w) of C(t) 





,a>) and X-(ti<*>) are dominated by the ground and first excited state respec- 
tively. In the case of only two states, however, specific conditions are necessary 




A = (aj)2 + a;2 (a2 )2 B = (a})2 + a;2 (a2 )2 C = ajaj + a;2 a2a2 (2.11) 
Only if the states \O\) and \Oi] are orthogonal and form a complete set, i.e.
(2.12)
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and u;2 = 1 does C — 0, and a separation of the ground state and first excited 
state is achieved. In the general case, at timeslices when all but the first two states 
make a significant contribution to Cij(t), the requirement that the two states form 
a complete set, prevents a separation of the ground state and first excited state. 
Hence, in contrast to A+(t, t0), the contribution of the first excited state to x+(t, a;) 
cannot be assumed to be small.
The usefulness of this method derives from the dependence on w of the corrections 
to the leading behaviour of the eigenvalues. At each timeslice, C(t) is diagonalised, 
which means that a different operator is chosen to create and destroy the particle. 
Thus, the corrections to the leading behaviour of the eigenvalues are real but not 
positive definite. Cancellation of the contributions from excited states can be 
sought by varying u>, isolating the ground and first excited states at timeslices 
close to the source. Any resulting uncertainty in the onset of the plateau region in 
the effective masses can be reduced by observing that for sufficiently large times 
the excited state contributions to equation (2.8) will be negligible. Consequently 
the effective masses derived from %+/-(*» w) must be insensitive to a;, at large 
times.
2.3 Propagators and Smearing
Possible candidates for O\ and O2 are the local (OL) and smeared (Os) inter- 
polating fields respectively. As outlined in §(2.1), smeared sources (or sinks) are 
introduced with the aim of reducing the contributions of excited states to the 
correlator. Such a source, 5(o'/ ,0), proposed by the Wuppertal group [27], can be 
obtained by solving the 3-dimensional Klein-Gordon equation
. 8) = *«* (2.13)
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where
x, x") = 6a# - 
and
(2.15)
Each quark is localised at the origin with an rms radius controlled by the scalar 
hopping parameter, KS- The rms radius r is denned by
For each ground state, an optimal radius is expected, corresponding to the smeared 
source which best approximates the lattice ground-state wavefunction. As the 
radius is increased towards this value the contributions of excited states decrease. 
A radius greater than this leads to an increase in noise without any improvement 
in the overlap of the source function with the ground state wavefunction.
In the continuum, the 3-dimensional Klein-Gordon equation formally represents 
a scalar particle of mass m. On the lattice, m is a function of KS in the param- 
eterisation used in equation (2.14). Large radii are derived from a KS close to a 
critical value («c lt )> that corresponds to zero mass for the scalar particle. The 
long-range correlations present when K is close to the critical point cause the in- 
version of K(x, xf) to be prohibitively expensive in terms of computer time. Hence 
there is plenty of evidence in support of smeared sources of this type, reducing 
the contributions of excited states to correlators [27, 28, 29], but little to suggest 
a maximum smearing radius.
A less expensive gauge-invariant smeared source can be obtained by solving equa- 
tion (2.13) as a power series in KS, stopping at some finite power N. Using the 
Jacobi iteration to obtain this series results in the smearing function, J(x):
J(x) = XXA^.,5 (2.17)
p=0
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For KS greater than /eg**, *ne series diverges. Nevertheless, J(x) still provides a 
valid smeared source, for any choice of N and the shorter the power series, the 
greater the savings in computer time. Conversely, with KS below /cg^, the Jacobi 
iteration is method of inverting JC(£',0), although rather inefficient.
The smearing is still characterised purely by the rms smearing radius [28], and 
the same radius can be obtained from various choices of {JV, «$}. Each successive 
iteration of the Jacobi procedure extends the smearing function along each axis 
by one link, and thus a minimum value of N exists for a particular radius.
The smeared correlators used to obtain the results in this chapter were derived 
from quark propagators smeared using Jacobi iteration with {N = 50, KS = 
0.125} (corresponding to an rms radius of approximately four1 ). In terms of radius 
size this choice balances the reduction in excited state contribution against the 
corresponding increase in statistical noise, while N = 50 is close to the minimum 
value of N that can produce this radius. This choice of N provides a reduction 
in computer time of a factor of 10, compared to inverting K(x, x') using the most 
efficient inversion procedure found by UKQCD [14] (the minimal residual inversion 
procedure with red-black preconditioning).
2.4 Results for Smeared Correlators
The results in this section were obtained on a 243 x 48 lattice at (3 = 6.2. Wilson 
fermions were used with a quark hopping parameter K = 0.152, corresponding 
to a pseudoscalar mass of approximately 600 MeV, if the scale is set using mp 
(a"1 ~ 2.7(1) GeV [13]). The quark propagators were obtained using all smeared- 
local, source-sink combinations on 30 configurations, and the matrix C(t) was
1 In the case of a correlator with more than one smeared propagator the average separation of 
the quarks may be larger.
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Figure 2.1: The effective masses of the first excited states in the pseudoscalar, 
vector, nucleon and A channels, obtained from A_(t,to) fc>r *o = 1 (bursts).
computed at zero spatial momentum.
2.4.1 Results for the First Excited State from C(t)
Shown in figure 2.1 are the effective masses obtained from the eigenvalues A_(t, t0) 
for the pseudoscalar, vector, nucleon and A channels, with t0 = 1. There is 
a suggestion that the effective mass may be beginning to stabilise after t — 1































































Figure 2.2: The effective masses of the first excited states in the pseudoscalar, 
vector, nucleon and A channels, derived from x-(*» a;)» f°r w = lO^o (crosses), 
u> = u>o (circles) and a; = O.lu>o (bursts).
for all channels. However statistical noise dominates 2 timeslices later, and it 
is impossible to identify this unambiguously as the beginning of a plateau. No 
improvement can be obtained by increasing to, only an increase in the statistical 
errors. Nevertheless the transfer method provides an upper bound for the first 
excited state of approximately 0.6 for the pseudoscalar, 0.8 for the vector and 1.0 
for the nucleon and A.
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The effective masses calculated from x-(*><*>) are shown in figure 2.2 for the same 
hadron channels, with u; = lOwo, a>o and O.lwo; c*>o is defined as,
= 12)
For all channels there is a region where effective masses coincide for the different 
values of a;; as mentioned in §(2.2.2) this can be taken as signal for the first 
excited state. At timeslices close to the source, varying w from 10u;o to O.lu>o 
causes a decrease in the effective masses as the states above the first excited state 
change from making a positive contribution to a negative one. For the two meson 
channels, figure 2.2 shows that this decrease is not to the extent of producing 
effective masses consistent with those at t > 6, where the effective masses for all 
values of u; agree. For the nucleon and A channels, there is a plateau consistent 
with the effective masses at later times, between timeslices t = 5 and 8. A stable 
value for the effective mass over four timeslices is the first evidence that varying 
w can lead to cancellation of further excited states.
Figure 2.3 shows the effective masses obtained using the transfer matrix method, 
and the matrix of correlators method at a roughly optimal value of u>. The two 
methods yield consistent results for the effective masses close to timeslice 7. The 
estimates for the masses (m) and amplitudes (A) of the first excited states ob­ 
tained using the matrix of correlators method are shown in table 2.1. The sys­ 
tematic errors in these results can be estimated by looking at the fluctuations in 
the central values of the mass as u; is varied about the optimal value, keeping the 
fitting range fixed. These additional errors were found to be of the order of 5%.
2.4.2 Results for the Ground State
Both the methods explored above fail to improve on the mass estimates for the 
ground state obtained from the individual correlators cu,(t), ci/s(0> csi/W
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Figure 2.3: The effective masses of the first excited states in the pseudoscalar, 
vector, nucleon and A channel, derived from A_(t,t0) with t0 = 1 (circles) and 
X-(t,u) with u = O.lu>o (diamonds).
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Table 2.1: The estimates of the first excited state masses in the meson and baryon 
channels, derived from x~(^,^) with u; = 0.1
css(t)> In the case of the transfer matrix method, effective masses derived from 
A+ (t,to = 1) are consistent with those obtained from css(t) for all timeslices; no 
improvement is obtained by using larger values of t0 . Without knowledge of the 
masses and amplitudes of the excited states contributing to c»j(£), it is unclear 
why this is the case and any explanation is delayed until the discussion of the 
results obtained using the subtraction fit method.
Using the matrix of correlators method results in effective masses consistent with 
those extracted from the CLL(^) and css(t) correlators for u> = O.lu>o and u; = 
10u>o respectively. As discussed in §(2.2.2), the contributions of excited states to 
A+(£,£Q) are not expected to be small. However, in the same way that varying u> 
reduces the contribution of the excited states to X-(^>^)> an optimal value of u> 
is expected which isolates the ground state closer to the source than the css(t) 
correlator.
To gain some insight into this problem consider the way u> is chosen. When 
(jj = WQ the diagonal elements of C(i) are forced to be identical at t = 12. In 
figure 2.4 the effective masses derived from the individual correlators are shown, 
for the hadron channels of interest; the effective masses have reached a plateau by 
timeslice 12, for all channels. The results obtained using CSL(*) are not shown since
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they are consistent with the CLs(t) results, only noisier. Figure 2.4 shows that the 
CLL(O correlators have a much larger contribution from excited states for t < 12 
compared to the smeared correlators. Therefore choosing a; = WQ gives CLL(^) a- 
large weighting relative to the smeared correlators in C(t) and correspondingly a 
large weighting for the excited states relative to the ground state for t < 12. This 
contribution to x+(*><*>) from the excited states need not be positive; however, in 
practice it appears to be so. If a> is decreased, the weighting of CLL(*) increases 
and x+(*,k>) tends towards the CLL(I) correlator.
Conversely, increasing u; increases the weighting of CLS(£), C$L(£) and css(t) com­ 
pared to CLL(£). The smeared correlators contribute only a small correction from 
excited states to the leading behaviour of x+ (£,o>). Decreasing the weighting of 
the excited states stemming from C£,L(£) is more likely to provide cancellation 
with the excited state contributions from the smeared correlators. Here again the 
amplitudes and masses of the excited states present in this study are such that 
this is not seen in the data, and as o> increases, x+(^><*0 tends towards css(t)-
2.5 Subtraction Fit
An independent method of estimating the amplitude and mass of the first excited 
state is needed to provide a check on the results of §(2.4.1). The simpliest possibil­ 
ity is to extend the fitting function of equation (1.49) to include the contribution 
of the first excited state. The fitting function becomes
dj(t) = AF(m, t, T) + AF(m, t, T). (2.19)
where F has the form given in equation (1.49), and A and m are the mass and 
amplitude of the ground state. This procedure is notoriously unstable and previ­ 
ous attempts to obtain an estimate for the first excited state using this method 
have produced results with unacceptably large errors [30]. Alternatively the sub-


































































Figure 2.4: The effective masses of the pseudoscalar, vector, nucleon and A, 
computed using LL (diamonds), LS (octagons) and 55" (crosses) correlators.
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traction method can be used. This procedure utilises the mass and amplitude of 
the ground state to subtract the ground state contribution from the correlator. 
The excited state correlator, cjj(£), is defined as
- A x F(m,t,T), (2.20)
and a single mass fit is performed on cjj(t). At large times, when only the ground 
state is contributing, c^-(t) must be consistent with zero. This provides a further 
check on whether A and m are good estimates of the ground state mass and 
amplitude.
2.5.1 Obtaining estimates for A and m from Cij(t)
Figure 2.5 shows the variation in the propagator mass estimates obtained from 
Cjj(t), with the position of the first timeslice in the fitting range, tmint in a vari­ 
able window, fixing tmoz = 18. For the two meson channels the mass estimates 
obtained from fitting to the correlators CLL(^) ^m.d CLs(i) begin to stabilise by 
tmin = 12, compared to tmin = 9 using css(t)> The behaviour of the %2 supports 
this, becoming stable and close to 1 for these fitting ranges. The mass estimates 
obtained from C£,s(£) and css(t) are consistent, while those derived from C£,£,(t) 
are systematically higher. Although the discrepancy is approximately 1<7, a sys­ 
tematic difference suggests there are still excited states contributing to C£,£,(t) in 
the region chosen to extract the ground state mass.
Since smearing at both the source and sink reduces the contamination of excited 
states further than merely smearing at the source, the consistency between es­ 
timates for the ground state derived from CLs(t) and ess(t) implies there is no 
significant contamination from excited states. Similar behaviour is seen in the 
nucleon and A channels; however the discrepancy between the values obtained 
from CLL(O and the smeared correlators is statistically less significant. The best
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Figure 2.5: Fit stability plots for the pseudoscalar, vector, nucleon and A obtained 
using the LL (diamonds), LS (octagons) and 55 (crosses) quark propagators. The 
variation of fit mass with tmin is shown with tmox fixed to be equal to 18.
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Table 2.2: The estimates of baryon and meson masses using LL, SL, LS and SS 
propagators.
estimates of the mass (m) and amplitude (A) of the ground state obtained from 
the fits to the correlators are detailed in table 2.2.
















Table 2.3: The ratio of the amplitude of the first excited state to that of the ground 
state, for the LL and LS correlators. Note that the values are only approximate.
2.5.2 Results from the Subtraction Fit Method
Shown in figure 2.6 are the effective masses obtained from c'LL(t) and dLS(f), for the 
hadron channels of interest. The corresponding results for c'ss(t) are dominated 
by statistical noise, even at timeslices close to the source, and are omitted. Three 
general features are apparent. Firstly, the effective masses derived from c^L(t) 
have large contributions from excited states until at least timeslice 7, when the 
errors become uncontrolled. Secondly, the values obtained from c'LL(t) for t > 7 
lie above those from c'LS(t}. This is consistent with the estimates A and ra used 
to obtain c'LL(t) being contaminated by excited states, and hence producing an 
underestimate of the ground state contribution to CLL(^)- Lastly, using dLS(t) 
produces a plateau in the effective mass that begins almost at the second timeslice; 
the pseudoscalar is possibly an exception, the errors are too large to determine 
whether the decrease in the effective mass at timeslice 7 is significant. This clearly 
shows that using smeared sources with r ~ 4 removes the contributions of the 
second excited states and above from the correlator, but the contribution of the 
first excited state remains significant.
Table 2.3 details the approximate values obtained for the ratios ALS/ALS- The 
overlap of the first excited state with the source function is of the same order of 
magnitude as that of the ground state. The dramatic reduction in the contribu­ 
tion from higher excited states suggests that the mass of the first excited state lies














































Figure 2.6: The effective masses of the first excited states in the pseudoscalar, 
vector, nucleon and A channels, derived from C£,£,(t) (diamonds) and CLs(t) (oc­ 
tagons).
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much closer to the ground state than the second excited state. It is not obvious 
why this is the case. A hopping parameter of /c = 0.152, corresponds to a quark 
mass slightly less than the strange quark, and experimental measurements have 
only been made of the first excited states of hadrons containing strange quarks. 
Theoretically, excited states are most clearly understood in terms of potential 
models, where 5-wave states correspond to radial excitations. In this essentially 
hydrogen-like picture, the splitting between the energy states decreases for succes­ 
sively higher excited states. However the underlying assumption that the quarks 
behave non-relativistically is not particularly valid for light quarks.
The ratios ALL/ ALL are also shown in table 2.3. A comparison with the values ob­ 
tained from cis(t) suggests that although smearing at the source does not remove 
the contributions from the first excited state, these contributions are reduced. 
However, combining the systematic uncertainty in the ground and first excited 
state amplitudes, of the order of 15% and 20% (see below) respectively, with the 
statistical errors, the values of ALL/ ALL are consistent with those for
These results add support to the comments made in the previous section, on 
the choice of ground-state fitting ranges. From table 2.2, the results from CLs(t) 
appear disappointing; the same fitting range is used for these correlators as for 
CLL(t)> However, the results from c'LL(t) suggest that the ground state is isolated 
much further from the source than indicated by the choice of fitting range, while 
the significant contribution found from the first excited state to CLs(t) explains the 
need to choose tmin as far from the source as timeslice 11 or 12 for this correlator. 
In addition, the consistency between the estimates of the ground state masses 
from css(t) and CLS(£), provides confidence that the contributions from the first 
excited state to CLs(t) are not significant for t > 11.
Figure 2.6 also sheds light on the failure of the transfer matrix method to improve 
on the results of css(t) for the ground state mass estimate. This method will
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separate the ground state and first excited states when there are only effectively 
two states contributing to all Cij(t) in C(t). As noted above the effective masses 
derived from C£,L(t), and hence CLL(^)> ^o no* l°se the contributions of further 
excited states until at least timeslice 7, only two timeslices before the ground 
state is isolated using css(t)-
Table 2.4 shows the estimates obtained for the masses and amplitudes of the first 
excited states obtained from c'LS(t) and c'LL(t). Increasing tmin above the values 
given in the table, with tmox fixed, the central values of m and A, extracted from 
CLS(£), fluctuate by ~ 3% and ~ 15% respectively. This is comparable to the 
stability of the one-mass fits to the cy(t) correlators. For CLL(^) the stability of 
the results cannot be checked since the fitting range is too small. The results for 
c'LS(t) compare favourably with those obtained using the matrix methods, only 
the mass of the first excited state in the A channel differing by more than 1<7.
Table 2.4 shows that different time ranges have been used to obtain the estimates 
for m and A from CLs(t) to those detailed in table 2.2. For the vector and A 
channels, the restriction c^(£) = 0 at large times is not satisfied unless tm»n for 
the ground state fitting range is moved from t = 11, to t = 13 and 15 respectively. 
This is possibly due to the reliance of the subtraction fit method on an accurate 
determination of the value of the ground state amplitude. A is the less well 
determined of the two parameters in the fitting function. If tmin > 11 is used 
for the vector and A channel CLs(t) correlators with tmax fixed, A fluctuates by 
16% and 15% respectively, compared to 4% and 5% in m. Hence, a different 
tmin may be necessary to provide a better estimate of the ground state amplitude 
compared to that needed for a reasonable estimate of the mass. However, the 
results for c'LL(t) suggest this "better" estimate may still contain significant excited 
state contamination. Although for the fitting range shown in table 2.4, c'LL(t) is 
consistent with zero at large times, figures 2.5 and 2.6 indicate contributions from 
excited states to A and m may be significant.
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Table 2.4: The estimates of the first excited state masses in the meson and baryon 
channels, obtained from c'LS(t) (top) and c'LL(t).
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The uncertainty in A and m is a source of systematic error in the first excited state 
mass and amplitude. The magnitude of this error can be estimated by varying 
*mtn for the ground state fit above the minimum values, keeping tmax and the 
first excited state fitting range fixed. The resulting c'^(t) correlators must also 
be consistent with zero for later times. Applying this procedure to c'LS(t) the 
systematic errors are found to be of order 3% and 10% for ra and A respectively, 
while for c'LL(t) the errors rise to > 10% and > 20% respectively. Considering the 
statistical and systematic errors in this and the matrix of correlators methods, the 
discrepancy between the results for the first excited state masses in the A channel 
is not significant.
2.6 Multiple Local Operators on the Lattice
Instead of resorting to smearing, operators having an overlap with the same par­ 
ticle can be constructed from different combinations of gamma matrices, as noted 
in §(1.4). For the pseudoscalar channel, candidates for O\ and Oi are V'TsV' and 
^7475^ respectively, while for the vector channel, ^7^ and ^7*75^ are used. The 
nucleon channel will not be discussed below except in the subtraction fit analysis; 
three operators are available and the resulting nine correlators forming C(t) are 
too computationally expensive to produce. The A channel is also omitted because 
unfortunately only one operator was computed for this analysis.
2.7 Results for Local-Local Correlators
To enable a comparison with the Wilson action analysis, the results for this section 
were obtained on a lattice size of 243 x 48 with (3 = 6.2. In addition, the hopping 
parameter, « = 0.14226, was chosen so that the pseudoscalar meson mass was
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roughly consistent with that from the Wilson data. The quark propagators were 
obtained using local sources and sinks on 60 configurations. The matrix C(i) 
formed from the resulting correlators was computed at zero spatial momentum.
2.7.1 Results for the Ground and First Excited State from
C(t)
The results for the ground and first excited states for both the pseudoscalar and 
vector channels are disappointing. For the pseudoscalar channel the correlators 
in C(t) are well behaved and produce good estimates for the pseudoscalar ground 
state mass. The effective masses obtained from A+ (i,£0 = 1) and x+(^j<*> = 1) 
are consistent with those obtained from Cu(t). The eigenvalues A_(£,<o = 1) 
and x_(t,u> = 1) also produce consistent effective masses, but statistical noise 
dominates after timeslice 4, before there is any indication of the first excited state 
being isolated. There is no improvement in the results obtained using %- (£><*>) 
if different values of u; are used. The presence of large statistical errors may be 
due to the fact that the operator ^7475^) unlike V'TsVs does not give rise to a 
correlator which is the sum of positive definite terms for each configuration. In 
the vector case, the diagonal correlators are well behaved but the off-diagonal 
correlators are dominated at all timeslices by statistical noise. It is impossible to 
invert C(i) under these circumstances and no results can be obtained.
2.8 Results from the Subtraction Fit Method
Estimates of the first excited state masses for the pseudoscalar, vector, nucleon 
and A channels can be obtained using the subtraction fit method. Only the local 
operators used in §(2.5.2) are studied; the others produce consistent results but
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Table 2.5: The estimates of the ground state masses in the meson and baryon 
channels, obtained from C£,£,(£) and using the clover action, with K = 0.14226.
with larger statistical errors.
2.8.1 Extracting the Masses and Amplitudes of the Ground 
States
The extraction of ground state masses from the correlators obtained using the 
clover action has been extensively studied by UKQCD [31]. Table 2.5 summarises 
the masses and amplitudes of the ground state for the hadron channels of interest.
An investigation involving limited statistics, of only 18 configurations [47], found 
the difference between the Wilson (« = 0.152) and clover action (K = 0.14226) 
LL ground-state mass estimates to be less than Icr for the pseudoscalar, vector, 
nucleon and A channels. The fitting ranges chosen were between timeslices 12 
and 16 for both actions. For the clover action, this should be compared with 
the fitting ranges given in table 2.5. Tripling the number of configurations has 
reduced the statistical errors sufficiently to enable a tmax of 22 or 23. This allows 
larger values of tmin to be explored, and thus contributions from excited states are
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exposed in the ground state mass estimates obtained using the fitting ranges from 
the 18 configuration analysis. This results in tmin moving from 12 to 14, 13 and 
16 for the pseudoscalar, vector and baryon channels. The consistency between 
the ground state masses using the Wilson and clover actions on 18 configurations 
suggests similar changes in fitting ranges for an analysis of the Wilson action with 
60 configurations. Since tmin is equal to 11/12 using the Wilson action and 30 
configurations, this supports the suggestion from §(2.5.2) that the CLL(^) ground 
state mass estimates contain contributions from the excited states.
The ability to investigate fitting ranges close to the limits of the lattice allows 
greater confidence in the ground state fitting ranges for the pseudoscalar, nucleon 
and A channels. Fitting to the correlator in the vector channel, however, is 
problematic. If tmin is increased above timeslice 13, tmax fixed at 23, a monotonic 
decrease is seen in the propagator fit mass. There is no significant variation in x2 
for tmin > 13, and the mass estimates agree within statistical errors. Without a 
larger lattice in the temporal direction it is impossible to tell whether this effect 
is due to contamination from excited states, or statistical fluctuations.
2.8.2 Results for the clover action
The effective masses obtained from the c'LL(t) correlators are shown in figure 2.7. 
For the pseudoscalar channel the effective mass is consistent with the ground state 
mass at timeslice 13, indicating a bad estimate for A or m has been used. Using 
a different fitting range for the ground state does not provide any improvement, 
since A varies by approximately ~ 1% as tmin is moved to timeslices later than 
14, with tmax fixed at 22. The nucleon and vector channels show clear plateaus 
in the effective mass for the first excited state, beginning at timeslice 9 and 7 
respectively. The effective mass of the A channel suggests timeslice 9 is close to 
the region in which the first excited state is isolated.
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Figure 2.7: The effective masses of the first excited states for the pseudoscalar, 
vector, nucleon and A channels, derived from c'LL(t) with K = 0.14226.
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Table 2.6: The estimates of the first excited state masses in the meson and baryon 
channels, obtained from c'LL(i) and using the clover action, with « = 0.14226.
The first excited state mass estimates obtained from fitting to c'LI/(t) are shown 
in table 2.6. The stability of the results can be checked in the same way as in 
§(2.5.2), by varying the fitting range for c'^(t) while keeping A and ra fixed. A 
and ra fluctuate by ~ 25% and ~ 5% respectively for the nucleon and vector 
channels, and ~ 50% and ~ 7% for the A channel. Similarly, varying the ground 
state fitting range while keeping the fitting range for c^-(t) fixed, the systematic 
errors in the first excited-state mass estimate are found to be ~ 6% and ~ 30% 
for the nucleon and vector channels respectively. The large systematic error for 
the vector channel arises out of the uncertainty in the ground state mass and 
amplitudes mentioned previously. Since the propagator fit to CLL(^) in the A 
channel uses tmin — 19 the systematic errors cannot be estimated.
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2.9 Summary of Results for the Ground State
The analysis of the data obtained using the Wilson action has shown some success. 
The use of smeared sources was found effectively to remove the contribution of all 
the excited states to the correlators, except for the first excited state. If smeared 
sinks are also used, the ground state was found to be isolated closer to the source. 
Thus, the consistency found between the results obtained from the LS and SS 
correlators provides confidence in the fitting regions chosen to extract the ground 
state masses from the LS correlators. The discrepancy between these results 
and those from the LL correlator, is consistent with the LL correlators being 
contaminated by excited states for the fitting regions chosen.
For the clover data, a comparison can be made with the ground-state fitting ranges 
used by QCDPAX, in an investigation of LL correlators. The value of the hopping 
parameter used by this collaboration corresponds to a pseudoscalar meson mass of 
approximately 600 MeV (using the nominal scale of 2 GeV at fi = 6.0), comparable 
to the pseudoscalar meson masses obtained from the Wilson and clover data in 
this study. In addition to the vector channel, discussed in §(2.1), the nucleon 
channel was also studied. The plateau region in the effective masses was found to 
begin at timeslice 12 at /? = 6.0, compared to 15 at (3 = 5.85. In physical units, 
timeslice 15 at (3 = 5.85 is much further from the source compared to timeslice 
12 at (3 = 6.0. This motivates QCDPAX to identify the asymptotic region in 
the effective mass as a region where the contributions from excited states are still 
significant.
A plateau beginning at timeslices 15 for the vector channel and 12 for the nu­ 
cleon at /3 = 6.0 corresponds to isolating the ground state at timeslice 20 and 
16 respectively at /3 = 6.2, where the ratio a~l ((3 = 6.2)/a~1 (^ = 6.0) = 2.7/2.0 
has been used to convert from ft = 6.0 to /3 = 6.2. With an effective temporal
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lattice extension of 24, fitting ranges for the vector channel with tmin around 20 
cannot be explored. However, the results for this channel from the clover action 
are consistent with excited states contributing to the ground-state propagator fit 
masses, for all possible fitting ranges on this lattice. For the nucleon channel, a 
stable plateau in the effective mass is found over 7 timeslices [31], and the sta­ 
tistical errors in the ground state mass estimates are of order 5% (compared to 
2% for the vector channel). Thus, it is unclear whether an increase in statistics 
and a larger lattice would lead to a change in the mass estimates greater than the 
present statistical uncertainty.
The ground-state fitting ranges used for the Wilson data can be compared to 
those chosen by APE, detailed in §(2.1). The quark propagators were smeared at 
the source only, using a cube source of size 73 at /3 = 6.0; from equation (2.16) 
this corresponds tor~4at/3 = 6.2 comparable to the smearing radius used 
in this investigation. A fitting range beginning at timeslice 9 was chosen for the 
vector channel, which is equivalent to approximately timeslice 12 at /3 = 6.2. The 
suggestion that there are significant excited-state contributions to the ground- 
state mass estimate obtained by APE, conflicts with the evidence of a reliable 
ground state mass estimate from the CLs(t) correlators with a similar fitting range, 
found in this investigation. However, a difference in the overlap with the excited 
states is quite possible from such different smearing functions.
This highlights the problem of increased statistical noise in the correlators with 
the use of smearing, mentioned in §(2.1). Although, there is evidence that the 
ground state is isolated closer to the source using smeared correlators, confidence 
in the fitting ranges chosen cannot be improved, since fitting ranges comparable 
to those used for the clover analysis cannot be explored. Thus, it is difficult 
to determine the significance of possible discrepancies between the results from 
different smearing functions.
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Attempts to isolate the ground state closer to the source using the transfer matrix 
and matrix of correlators method were unsuccessful. The best results for the 
ground state effective masses were consistent with those obtained from the 55 
correlators. The contributions to the LL correlators from states above the first 
excited state become negligible close to the timeslice when the 55 correlator was 
found to isolate the ground state. Since using a basis of two operators can only 
lead to a separation of the ground and first excited states if effectively only those 
two states are present, a larger basis is needed in order to gain any improvement 
on the 55 correlator results.
2.10 Summary of Results for the First Excited 
State
For the Wilson data, the matrix of correlators method was found to successfully 
isolate the first excited state in the hadron channels of interest. The dependence 
of the eigenvalues on the normalisation factor a; allowed the contributions of the 
further excited states to be varied. Cancellation of these contributions enabled 
the first excited state to be isolated close to the source in the nucleon and A 
channels. Although only an upper bound on the first excited states was obtained 
using the transfer matrix method, this method used in conjunction with a larger 
basis of operators should separate the states close to the source, without relying 
on accidental cancellation. The subtraction fit method was found to be another 
stable method of extracting the first excited-state masses. However this method 
is dependent on an unambiguous determination of the ground-state masses and 
amplitudes, which, as discussed in the previous section, has yet to be obtained.
Table 2.7 summarises the results for the first excited state in the pseudoscalar, 
vector, nucleon and A channels. The results for the ground-state masses from the
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Table 2.7: A summary of estimates of the first excited state masses in the meson 
and baryon channels. The first error quoted is statistical, while the second is an 
estimate of the systematic errors. Also shown are the values obtained for the 
ground state masses.
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Table 2.8: The ratios of the first excited state mass to the ground state mass in 
the meson and baryon channels from the Wilson and Clover actions, compared 
to the experimental results for hadrons containing strange quarks. The first error 
quoted is statistical, while the second is an estimate of the systematic errors.
Wilson and clover action, also detailed in the table, are consistent to within la 
for the pseudoscalar and A channels, and 2(7 for the vector and nucleon channels. 
This enables a comparison of the first excited-state masses. The first excited-state 
masses are all of 0(1), and discretisation errors are expected to be significant. 
The combined statistical and systematic errors provide consistency between the 
clover and Wilson results; however, considering the magnitude of these errors it 
is possible that the dependence of the first excited-state masses on a is not small.
The pseudoscalar mass in physical units is approximately 600 Mev for both ac­ 
tions. This corresponds to using a quark mass somewhat less than that of the 
strange quark. The ratio, m/m, is likely to have less dependence on small changes 
in the quark mass, and thus a rough comparison can be made between the results 
and experimental values for the hadrons containing strange quarks, shown in ta­ 
ble 2.8. The ratios for all channels are too high, although, again, the combined 
statistical and systematic errors are large enough to provide consistency within
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This feature is also seen in the results for the first excited states obtained by 
QCDPAX and APE using the subtraction fit method as part of the investigations 
detailed in §(2.1). On chirally extrapolating the excited state masses, QCDPAX 
obtained mp/mp = 2.3 and mjv/rajv = 2.6, well above the experimental values 
of 1.9 and 1.5 [32] for the p and nucleon respectively. In contrast, APE found 
the ratio m/ra to be approximately 2.6 for the p and 2.8 for the nucleon. The 
previous suggestion of contamination from excited states in the QCDPAX ground 
state estimate for the nucleon may account for a significant part of the discrepancy 
of mjv/rajv with experiment. Similarly, the disagreement between the values of 
mp/mp from the two groups is consistent with the discrepancy between the ground 
state vector masses.
These results lend further support to using a method for extracting ra which does 
not depend on a determination of the ground state mass and amplitude. However, 
table 2.8 shows that using the matrix of correlators method does not provide 
a significant improvement in the estimates of the first excited state; increased 
statistics and a larger lattice are needed in order for the use of a matrix method 
to be advantageous.
Chapter 3
Heavy Quark Physics at Finite Momentum
This chapter analyses the viability of using the general Wilson action with quark 
masses of 0(1) and above. Following a brief motivation, §(3.2) outlines a proposal 
by Kronfeld et al. [9, 10, 33] for reinterpreting the general Wilson action as a 
non-relativistic effective action in this limit. This suggests a continuum non- 
relativistic form for the dispersion relation of hadrons containing one or more 
heavy quarks, and a dispersion relation of this type, parameterised by two mass 
scales, is applied to the finite-momentum behaviour of the heavy-light and heavy- 
heavy pseudoscalar mesons in §(3.5). The success of this dispersion relation is 
compared with the performance of the continuum relativistic dispersion relation 
and the free scalar lattice dispersion relation.
Having established the form of the dispersion relation of the pseudoscalar mesons 
for l^TTig, §(3.10) analyses the effects of using the different mass scales to fix 
the physical quark mass on the predictions for the pseudoscalar and vector decay 
constants. The experimental measurements of the latter in the charmonium sys­ 
tem allow for a concrete test of which of the mass parameters corresponds to the 
physical quark mass.
52
Chapter 3. Heavy Quark Physics at Finite Momentum 58
3.1 Motivation
Current simulations have lattice spacings which place the charm and bottom 
quarks in a region where l<mq and the finite lattice spacing errors of the Wilson 
action are expected to diverge. However, the considerable theoretical and experi­ 
mental interest in the properties of hadrons containing one or more heavy quarks, 
means that this is an area where lattice calculations can have a real impact.
The experimental interest in the heavy-light (qQ) mesons in particular, centres on 
the decay constants and the BB mixing amplitude, the determination of which 
allows predictions for the elements of the CKM matrix which are still uncertain. 
The theoretical interest stems from the additional spin-flavour symmetry manifest 
in the heavy-quark limit, which enables QCD to be replaced by the heavy-quark 
effective theory (HQET)(for a review see [34]). For the decay constant of the 
pseudoscalar meson, this theory predicts the scaling law fpsVMps ~ constant. 
Thus, a simple test of the utility of HQET is a determination of the size of the 
1/rriQ corrections to this scaling law.
Several lattice calculations of fps have been made [12, 35, 36], but with the c and 
b quark masses, for example, corresponding to mq ~ 1 and ~ 2 respectively at 
(3 = 6.2, calculations which used the general Wilson action are forced to extrap­ 
olate to the b quark mass from the results around the charm quark mass. An 
interpolation is possible if the results from calculations in the static limit [37, 38] 
are included. However, thus far, this has been considered unreliable due to the sig­ 
nificant discrepancies between the static limit and the extrapolations to 1/mq = 0 
obtained from the results of the propagating theory, with mq ~ 1.
Thus, a study of the viability of the general Wilson action for mq ^> 1 is of 
considerable importance in the calculation of leptonic decay constants. Quarko- 
nia (QQ) are ideal for such an analysis. The properties of the charmonium system
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have been extensively studied experimentally, and this provides a testing ground 
for the predictions from the general Wilson action in a region where
3.2 Theoretical Toys for Non-Zero Momentum
Free field theory provides an initial testing ground for the proposal that the general 
Wilson action remains valid in the limit mq > 1. In the absence of gauge fields the 
Wilson and clover actions have the same form, and a fermion matrix in momentum 
space of
4
M(p) = ra0 + ^[nv sin P/i + (1 -coap^)]. (3.1)
Using the condition
0 = M(p)M*(p), (3.2)
where the 4-momentum in Euclidean space is p^ = (E(p),p), the following dis­ 
persion relation is obtained:
__**^ (33)
Expanding equation (3.3) in the limit \p\a <C 1, the dispersion relation becomes
E(P) = M1 + |J + ... (3.4) 
if MI and MI are identified as
= Iog(l+m0) (3.5)
2 + 4m0 + (m0)2 
m0(l + ra0)(2 + ra0)'
The zero-momentum energy or "static" mass, MI, can be interpreted as counting 
quarks and anti-quarks, while the "dynamical" mass MI determines dE(p)/d\pf. 
The dispersion relation is now in a non-relativistic form and remains valid while
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\p\. The crucial point is that there is no restriction on M2 , and this expan­ 
sion of equation (3.3) does not break down for M2 > 1.
An equivalent approach is to use the Foldy-Wouthuysen transformation [39] to 
decouple the quark and antiquark fields, and then to expand the general Wil­ 
son action in the non-relativistic limit. With the inclusion of gauge fields, this 
expansion takes the form [9, 10, 33]
SNR = + anti-quark terms, (3.7)
where 0 is a two-component Pauli spinor representing the quark. Relativistic cor­ 
rections are suppressed by powers of the heavy-quark velocity, v, and the hyperfine 
a - B term in (3.7) corresponds to an O(v3 ) correction for heavy-light mesons and 
0(v*) for quarkonia [10]. The mass parameter, MS, associated with the hyperfine 
term is given to tree-level by [33]
(3.8)
where c corresponds to the coefficient of the 0(a)-correction term in the clover 
action. Note that using the mean field theory approach discussed in §(1.2.3), the 
higher order corrections to (3.5), (3.6) and (3.8) are estimated to have the effect 
of changing ra0 to m, where ra = ln(l/(2/c) — 3).
By re-expressing M2 and MS in terms of MI,
M2 = ^^^r, (3.9)
(3.10)
it can be seen that for MI >• 1 the ratios M2/Mi and Ms/Mi diverge, and the 
dynamical, hyperfine and static masses are no longer equal. However, since the 
static mass appears in (3.7) as a constant term, it is not relevant to the calculation 
of transition amplitudes and most mass splittings. Hence, the physical quark mass 
should be fixed using the mass parameter which gives either the correct kinematic
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behaviour (M2 ), or, in the case of quantities dependent on the a • B term, the 
correct hyperfine splitting (M3 ).
In the original proposal, Kronfeld et al. suggested using an action similar to 
the general Wilson action but with distinct hopping parameters for the spatial 
and temporal components [9]. Thus, by tuning the two K values, the problem 
of MI ^ MI for MI ^> 1 can be removed; if the hyperfine mass is to be tuned 
simultaneously an additional term must be added to the action. For both this and 
the general Wilson action, the predictive power of the theory is reduced through 
the need to fix the physical quark mass with more than one mass parameter.
This approach parallels that of NRQCD [40, 41, 42]; the NRQCD action is discre- 
tised in the form of equation (3.7), although M\ is ignored and normally omitted. 
Relativistic corrections, such as the hyperfine term, are added systematically to 
give the desired degree of accuracy. The coefficients of these higher order terms 
must be tuned in order to match the effective theory to full QCD, either by cal­ 
culating the coefficients using perturbation theory or fixing to experiment. The 
former method allows a reduction in the predictive power of the theory to be 
avoided, while the speed and simplicity of the numerical calculations are a further 
attractive feature. However, NRQCD is only valid in the perturbative regime, and 
the power law divergences that arise in perturbation theory restricts 1 > M . Thus, 
since present lattice spacings place the charm and bottom quark masses around 
O(l), it remains advantageous to find an action which is behaved throughout the 
region of interest from M <C 1 to M ^> 1.
This investigation is restricted to the general Wilson action of equation (1.15), 
and hence the three mass parameters in (3.7) are all functions of a single hopping 
parameter. Ignoring relativistic corrections, the static mass is the mass extracted 
from the exponential decay of the 2pt-correlation functions at zero momentum. 
In order to obtain the dynamical mass for each value of AC, equation (3.4) (where
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MI and A/2 now represent meson mass parameters) must be matched to the finite- 
momentum behaviour of the heavy-light or heavy-heavy mesons. If the general 
Wilson action is suitable for non-relativistic QCD, the meson dispersion relation 
should have this continuum, albeit unconventional, form. In the following sec­ 
tions (3.4) will be referred to as the two-mass parameter non-relativistic (TMN) 
dispersion relation. The hyperfine mass is discussed in the next chapter.
If the general Wilson action is not valid for M > 1, the finite-momentum be­ 
haviour of the mesons will be best described by some lattice dispersion relation. 
Using equation (3.4) to parameterise the meson dispersion relation under these 
circumstances will result in estimates of the dynamical mass which are highly de­ 
pendent on the value of the lattice spacing. However, apart from the likelihood 
of inconsistent estimates of M^ from different values of momentum, it is difficult 
to discern any sensitivity to the value of the lattice spacing. The usual procedure 
of comparing estimates obtained at different /? values and using the Wilson and 
clover actions, flounders since a comparison can only be made if the correspond­ 
ing values of the static mass are matched. At each value of /9, MI =£ MI around 
l^Mi; this implies that, in physical units, different values of MI will correspond 
to the same value of M2 ; hence, assuming the general Wilson action is valid in 
this limit, and MI corresponds to the physical mass, large discretisation errors 
are expected in M\. Thus, large discrepancies between the results for MI, for 
example, between the Wilson and clover actions are not necessarily an indication 
of large discretisation errors in
A comparison with a lattice dispersion relation is necessary. The dispersion re­ 
lation most relevant to pseudoscalar mesons is derived from the free scalar lat­ 
tice (FSL) propagator and has the form,
4smh2(^) = 4sinh2 A + 4l>2 |. (3.11)
Z L 1=1 L
Using this dispersion relation the normalisation of the states becomes sinhM,
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and not M ; this normalisation was originally used by Bernard et al. [43] for quark 
masses of O(2), with the hope that in correctly treating the lattice dependence of 
the mass, assumed to be significant, other quantities, such as the decay constants, 
would be less sensitive to discretisation errors. The validity of the dispersion 
relation itself was not tested.
3.3 Computational Details
The results in the following sections are based on an analysis of 36 gauge configu­ 
rations at (3 = 6.0 with a lattice size of 163 x 48, and 60 configurations at j3 = 6.2 
using a lattice size of 243 x 48. Although the main results are for the clover action, 
results obtained using the Wilson action on the smaller lattice are presented for 
comparison. The simulation details are summarised in table 3.1.
The clover quark propagators at both ft values were generated at three light 
quark masses close to the strange quark mass [31]. The /c values for (3 = 6.0 
were chosen with the criteria that the resulting pseudoscalar masses in physical 
units should agree roughly with the corresponding masses at (3 = 6.2. In addi­ 
tion, heavy-propagators were generated for a range of quark masses in the charm 
quark region. The Wilson quark propagators were generated for a similar range of 
heavy-quark masses, and for one-light quark mass corresponding to a light-light 
pseudoscalar of 600 MeV. For the qQ meson channels at j3 = 6.0, the correlators 
were computed using the hopping parameter expansion [44], which provides the 
correlation function at any value of the heavy quark mass without explicitly cal­ 
culating the heavy-quark propagators (subject to KQ > «gtn , where «g tn ~ 0.133 
for the clover action and 0.140 for the Wilson action).
The mass splittings between the ground state and excited states are much smaller







































Table 3.1: The data sets used in this analysis. Kq and KQ are used to denote the 
values of the hopping parameter for the light and heavy quark respectively.
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for mesons containing heavy quarks compared to those involving only light quarks. 
For this reason smearing becomes essential for heavy-quark propagators. At /? = 
6.2, the heavy-quark propagators were calculated using smeared sources, with both 
smeared and local sinks, and likewise for the qQ mesons at (3 = 6.0. The gauge- 
invariant Jacobi smearing technique, described in §(2.3), was used with {KS = 
0.25, N = 75} at (3 = 6.2 and {KS = 0.25, N = 50} at j3 = 6.0, corresponding 
to smearing radii of ~ 5.2 and 4.2 respectively. These radii are larger in physical 
units than those used in the previous chapter, since the light-quark propagators 
used here are not smeared.
Only LL quark propagators were produced for the QQ mesons at (3 = 6.0; the 
physical temporal length of the 163 x 48 lattice at (3 = 6.0 is a factor of a-i^e'o} = 
2.7/2.0 ~ 1.4 larger than that of the 243 x 48 lattice at (3 = 6.2, setting scales 
using mp . This should compensate for the lack of smearing.
To allow a study of the meson dispersion relations, each correlator was computed 
at eleven values of momenta at /? = 6.2, where
(T) lf = (°>°,o), (1,0,0), (0,1,0), (0,0,1)
(2, 0,0), (0,2,0), (0,0, 2)
and L = 24, and the lowest eight values of these momenta at (3 = 6.0, where 
L = 16. To improve statistics the correlators are averaged over all equivalent 
momenta.
3.4 Fitting Ranges
An extensive and careful study was made of the fitting ranges for the QQ and 
qQ mesons at both zero and finite momentum. The fitting ranges chosen for the
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Table 3.2: The fitting ranges chosen for the QQ meson correlators generated with 
LL Wilson and clover quark propagators at ft = 6.0, and both the QQ and qQ 
meson correlators using LS and SS clover quark propagators at (3 = 6.2. For the 
clover data at (3 = 6.2, it was not found necessary to use different fitting ranges 
for different K values.
QQ mesons at both ft values and for both actions are given in table 3.2. Where 
different smearing combinations present a choice of correlators, the data with a 
fitting range which best satisfies the fitting procedure of §(1.6.4) was chosen.
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For the qQ mesons, at j3 = 6.2 the fitting ranges used are also detailed in ta­ 
ble 3.2, while at (3 = 6.0 the fitting range t = 12 to 18 was used to fit to the LS 
correlators for all propagators. The limited statistics available for the qQ mesons 
constructed from the Wilson propagators at /3 = 6.0 dictates the omission of al­ 
ternate timeslices within the fitting range when fitting to the correlator. Prom the 
discussion of correlated fits in §(1.6.2), correlators at six diiferent K values, fitted 
simultaneously over N timeslices, require roughly 6N configurations. Thus, with 
16 configurations, only three or four timeslices can be used.
The oscillating phase introduced to extract the correlator at finite momentum (see 
equation (1.39)) leads to increased statistical noise for higher momenta, and for 
the Wilson data at ft = 6.0 there is no signal in the vector channel at — \p\ = \/3.
3.5 Results
3.5.1 A Comparison with the Continuum Dispersion Rela­ 
tion
To begin with, a comparison is made with the usual continuum dispersion rela­ 
tion (denoted here as the standard continuum (SC) dispersion relation),
E\fi - Ml = \pf (3.12)
where MI = E(5). In order to obtain a clear indication of any deviations from SC 
dispersion relation as MI increases, the energy difference E2 (p) — Mf is computed, 
which trivially from (3.12) is predicted to be independent of MI. Figures 3.1 
and 3.2 present the results for the qQ and QQ pseudoscalar meson channels re­ 
spectively. The results for the vector meson channel show no significant additional 
features, and are not presented.
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Figure 3.1: E(p2 ) — M\ versus MI, for the qQ pseudoscalar meson using the clover 
action at j3 - 6.2 and 6.0, and the Wilson action at 0 = 6.0. The results for all 
combinations of light and heavy-quark mass are shown. The bold lines, are the 
four(two) values of |p| 2 at /? = 6.2(6.0).
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Consider the qQ pseudoscalar meson channel initially; at (3 = 6.2, the static meson 
masses available for the clover action are below 1; the clover action is valid in this 
region, and SC behaviour is expected. The results shown in figure 3.1 confirm this, 
the behaviour of the clover data is consistent with equation (3.12) at all values of 
\p\. There is a slight deviation in the results at ™\p\ — \/2 and 2, however, at less 
than 2a, this is not significant. At (3 = 6.0, both the Wilson and clover data show 
a fair agreement with SC behaviour for static meson masses below MI ~ 1, but as 
MI increases, a significant disagreement emerges. In addition, the discrepancies 
between the values of E2 (p) — Ml and \p\ 2 are worse at larger values of momenta, 
and this trend suggests that dE(p)/dp2 is over-estimated using equation (3.12), 
where dE(p)/dp2 = l/2E(p). The highest momenta are omitted for both actions 
at this (3 value, as the statistical errors in E2 (p) — M2 are prohibitively large.
In figure 3.2 similar behaviour is seen in the QQ pseudoscalar meson channel. 
For both actions and /3 values, as the static meson mass increases above 1 equa­ 
tion (3.12) clearly fails to account for the finite momentum behaviour; the discrep­ 
ancy between the values of E2 (p) — M2 and \p\ 2 increases with the static meson 
mass. Note that the deviations from SC behaviour do not appear to depend on 
the heavy quark mass. For example, for the clover action at (3 — 6.0 and one unit 
of momentum, the value of the energy difference in the QQ pseudoscalar chan­ 
nel is approximately half the value of \p\ 2 for MI ~ 2. In contrast, a qQ meson 
with the approximately the same static quark mass, i.e. a static meson mass of 
approximately 1, is consistent with SC behaviour.
3.5.2 Estimating the Dynamical Mass
In order to determine whether the deviations from the SC dispersion relation found 
for MI > 1 are due to the dispersion relation being of the TMN form (rather than 
the general Wilson action no longer being valid), an estimate must be obtained
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Figure 3.2: E(p) — Ml versus MI, for the QQ pseudoscalar meson using the clover 
action at (3 = 6.2 and 6.0, and the Wilson action at ft = 6.0. Also shown, as bold 
lines, are the four(three) values of \p\ 2 at /? = 6.2(6.0).
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for the dynamical mass.
For the qQ pseudoscalar meson masses under consideration, at one unit of mo­ 
mentum, \p\/Mi ranges between approximately 0.6 — 0.2 at ft = 6.0, and 0.5 - 0.3 
at (3 = 6.2. Hence, for the smallest heavy-quark masses available, where MI < 1, 
the finite momentum behaviour is likely to be relativistic. At the other end of the 
quark mass range, \p\ <C MI, and non-relativistic behaviour is probable. Similarly, 
for the QQ pseudoscalar meson masses studied, Mi<l, |p|/Mi ranges between ap­ 
proximately 0.4 - 0.2 at (3 = 6.0, and 0.3 - 0.2 at /3 = 6.2, and non-relativistic 
behaviour is expected for all values of the heavy quark mass.
Thus, a definition of M2 is needed which allows a smooth transition from MI < 1, 
where the behaviour is possibility relativistic and agreement was found with the 
SO dispersion relation, to MI > 1 where the dispersion behaviour is likely to be 
non-relativistic and possibly of the TMN form. Substituting equation (3.4) into 
the energy difference, E(p)2 — Mf, and ignoring terms of 0(-y3), provides such a 
definition of the dynamical mass:
Using this definition, in conjunction with the data at one unit of momentum, the 
estimates for the ratio M2 /Mi shown in figure 3.3 are obtained. For this value 
of the momentum, the restrictions on equation (3.4) of p <C 1 and M2 > |p|, are 
best satisfied.
Figure 3.3 shows that for Mi^Sl the estimates of M2 /Mi are consistent with 1, as 
expected in a region where the general Wilson action is certainly valid. However, 
for MI > 1, the dynamical mass is significantly larger than the static mass. The 
most surprising feature of the results is that in this region, the values of M2 /Mi all 
roughly follow the same curve. Thus, the value of M2 obtained from a QQ meson 
with static meson mass M is not consistent with the dynamical mass obtained 
from a qQ meson of mass M/2. As noted in the previous section, the deviation
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D clover QQ 
o clover qQ 
Wilson QQ 
o Wilson q~Q 
B
M,
n clover QQ— 
o clover qQ -
Figure 3.3: M2 /Mi versus MI, for the QQ and qQ pseudoscalar mesons. Also 
included is the predicted dependence of M2 on MI for QQ (dashed line) and 
qQ (bold line) mesons given in equation (3.10). The values of the static mass 
corresponding to the D, B and rjc mesons, shown in the figure, were obtained 
using the lattice spacing derived from mp .
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Wilson
Mi
1.02 + 3 
- 2
1.22 + 3 
- 2
1.43 + 2 
- 2





1.19 + 4 
- 4
1.26 + 4 
- 5




1.02 + 2 
- 2
1.22 + 2 
- 2
1.41 + 3 
- 2
1.63 + 2 
- 2
Mi/Mi




1.25 + 5 
- 6
1.30 + 5 
- 8
Table 3.3: A comparison of the results for the ratio of the dynamical and static 
QQ pseudoscalar meson masses from the Wilson and clover action at /? = 6.0
from SO behaviour, and hence the value of the dynamical mass, is determined by 
the meson mass rather than the quark mass.
Equation (3.10) provides a prediction for the behaviour of MI with MI, where the 
dynamical mass is dependent on the quark mass. Figure 3.3 shows the results in 
QQ meson channel are in fair agreement with this prediction; however, for the qQ 
mesons, where the agreement with a prediction for the dynamical mass dependent 
on the quark mass is possibly more expected, (3.10) is found to grossly overesti­ 
mate the dynamical mass. In the absence of a measurement of M2 , (3.10) has been 
used to estimate the magnitude of the dynamical mass for the qQ mesons [12, 35].
At /? = 6.0, the static QQ pseudoscalar meson masses from the Wilson and clover 
action are consistent to within Icr, and this allows a comparison of the correspond­ 
ing values of M2/Mi, detailed in table 3.3. The same level of consistency is found 
between the values of M^/Mi from the two actions, as expected from figure 3.3, 
even for the larger meson masses where M\ >• 1. However, from the discussion 
in §(3-2), this can only be taken as an indication that the dynamical and static
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masses have a similar dependence on the lattice spacing.
Figure 3.3 also shows that at (3 = 6.0 the difference between fixing the meson mass 
on the lattice conventionally by using MI, and using the dynamical mass, M2 , is 
small close to the D meson. However, extrapolating the qQ data along the general 
curve to the B meson mass, the two masses differ by approximately 40%. This 
will translate into significant discrepancies between the predictions for physical 
quantities, such as /B, obtained using the dynamical and static masses to fix the 
physical meson mass. Studies of charmonium and bottomonium (for T, M\ ~ 5.0 
at fi = 6.0), will also be affected. A similar picture is found at ft = 6.2, although 
the static pseudoscalar meson masses are too small to estimate the magnitude of 
the dynamical mass for lattice masses of 0(2).
3.5.3 A Comparison with the Nonrelativistic Dispersion 
Relation
The estimates of the dynamical mass presented in the previous section can be 
used in conjunction with equation (3.4) to predict the dispersion behaviour in the 
pseudoscalar meson channel. Using the TMN relation, \p\ 2 is predicted to equal
[E\p) - Ml] x , (3.14)
if terms of O(v3 ) are neglected. Note that, (3.14) is consistent with the definition 
of M2 , and enables a smooth transition from MI > I to MI < 1.
Figures 3.4 and 3.5 present the results for (3.14) at ^\p\ > 1, where MI is esti­ 
mated at £ \p — 1. Consider the qQ mesons initially; at (3 = 6.2 there is reasonable 
agreement between the values of (3.14) and |p| 2 , at all momentum values and for 
all MI. Since MI < 1, and MI ~ M2, this consistency is no more than that found 
using the SC dispersion relation. More significantly, at (3 = 6.0, the same level of
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Figure 3.4: (-E(^)2 - M2 ) x (M2/Mi) versus MI, for the g<? pseudoscalar mesons. 
The results are shown for f |p| = \/2, \/3, 2 at /? = 6.2 and f |p| = >/5 at ft = 6.0, 
where the value of |p| 2 is shown as bold lines.
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Figure 3.5: (E(p)2 - M%) x (M2/Mi) versus MI, for the QQ pseudoscalar mesons. 
The results are shown for &\p\ = \/2, v/3, 2 at ft = 6.2 and J|p| = \/2, v/3 at 
13 = 6.0, where the value of \p\ 2 is shown as bold lines.
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consistency is found in the results from both actions for MI > 1. From figure 3.3 
MI ^ M2 , in this region of static quark masses, and the agreement between the 
values of (3.14) and |p| 2 at £ \p\ = \/2 indicates that a consistent estimate of the 
dynamical mass would be obtained from the data at this value of momentum. 
This suggests that dE(p)/d\p\ 2 ~ 1/2M2 , and the TMN dispersion relation is a 
reasonable description of the finite-momentum behaviour.
This is more clearly seen in the results for the QQ pseudoscalar mesons from the 
clover action at j3 = 6.2 and 6.0, and the Wilson action at /3 = 6.0. In particular 
at (3 = 6.0, an impressive agreement is found between the values of (3.14) and 
, for MI as large as ~ 2.8, at both values of momentum.
Although the accuracy of the predictions for the dispersion behaviour using the 
estimates of M2 is the first evidence that the dispersion relation is of a continuum 
form, some lattice dispersion relation may perform equally well. In the spirit of 
the analysis thus far, the quantity
3inll^_sinh2 ^i (3.15)
is considered, which from equation (3.11) should equal £)?=i sin2 **. Note that in 
the limit of MI <C 1 and \p\ <C 1, the FSL dispersion relation is equivalent to the 
SC dispersion relation.
The values of (3.15) extracted from the qQ pseudoscalar meson channel, presented 
in figure 3.6, show good agreement with the values of Z)f=i s^2 ^ from all three 
data sets. At the higher values of momenta, slightly better agreement is found 
with the FSL dispersion relation than the SC dispersion relation, for static meson 
masses below 1 where the two dispersion relations are expected to be equivalent. 
Small discrepancies are seen in the clover data at j3 = 6.0 and one unit of momen­ 
tum, but these are not statistically significant or dependent on the static meson 
mass.
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Figure 3.6: sinh2 (J£(p/2) - sinh2(Mi/2) versus MI, for the qQ pseudoscalar 
mesons. The bold lines show the value of £?=1 sin2 ^ for the four(three) values of 
momenta at /3 = 6.2(6.0).
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Figure 3.7: sinh2 (E(p/2) - sinh2 (Mi/2) versus MI, for the QQ pseudoscalar 
mesons. The bold lines show the value of £?=i sin2 ^ for the four(three) values of 
momenta at j3 = 6.2(6.0).
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However, a serious inconsistency between the data and prediction is found in 
the results for the QQ pseudoscalar meson, shown in figure 3.7. For the clover 
action at (3 = 6.0, the deviation from the behaviour of equation (3.11) reaches 
several a. The deviations are larger for higher values of momentum, and this 
suggests dE(p)/d\p\ 2 is under estimated using the FSL dispersion relation, where 
9E(p)/d\p\ 2 ~ l/smhE(p). Equation (3.11) is not valid as a description of finite- 
momentum behaviour of the QQ pseudoscalar meson channel in this region of 
static mass values. At £ = 6.2 the FLS dispersion relation still provides a rea­ 
sonable description of the finite-momentum data. However the values of (3.15) 
are not independent of MI, suggesting large deviations are likely for larger static 
masses, as found at /3 = 6.0.
3.6 Summary
To recap, the finite momentum behaviour of the pseudoscalar mesons with static 
meson masses below 1 is consistent with the SC dispersion relation. However, as 
the static meson mass increases above this threshold, the SC dispersion relation 
clearly provides an under-estimate of dE(p)/d\p\ 2 . Furthermore, it is the static 
meson mass rather than the quark mass which determines the deviation from 
SC behaviour. These deviations were quantified through the calculation of the 
dynamical meson mass. A comparison with a prediction for the dynamical meson 
mass, where this mass is dependent on the quark mass, showed it to be the mesons 
containing a single heavy quark which are in disagreement with this prediction; 
the deviations from SC behaviour were found to be smaller than predicted by 
equation (3.10);
The estimates of the dynamical meson mass obtained at one unit of momentum 
provided successful predictions for the dispersion behaviour of both the QQ and
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qQ mesons at higher values of momentum, and even for MI >• 1. This strongly 
suggests that dE(p)/d\p\ 2 = 1/(2M2 ) and the dispersion relation in the meson 
channels is of a TMN form. In comparison, the FSL dispersion relation was found 
to reproduce the qQ meson dispersion behaviour for the range of static meson 
masses available; however, this agreement does not appear to be fundamental, 
since equation (3.12) was found to seriously underestimate dE(p)/d\p\2 for the 
QQ mesons.
Only the TMN dispersion relation, of the three dispersion relations considered 
here, provides the desired description of the finite-momentum behaviour of both 
the QQ and qQ mesons for values of MI from MI < 1 to MI > 1, although, as 
noted in §(3.5.2), the possibility remains for significant discretisation errors in the 
estimates of the dynamical meson mass. The next step towards a validation of 
the use of the general Wilson action for MI > 1, is an investigation of whether 
the dynamical mass is the correct mass parameter with which to fix the physical 
quark mass; this is discussed in the next section. An independent measurement 
of the dynamical mass, is also necessary to provide a check on the results of 
this section, and quantities suitable for such measurements are indicated in the 
following sections.
3.7 Determination of the Quark Masses
In order to extract predictions for physical quantities from lattice calculations, 
the value of the hopping parameter must be found which corresponds to the 
experimentally observed mass for each quark flavour. In the light quark sector 
it is generally assumed that the SC7(3) flavour symmetry is only broken by the 
strange quark mass, i.e. mu = ra<£ = 0. /c<£, the value of /c corresponding to zero 
quark mass, can be obtained by extrapolating the mass of the pseudoscalar meson
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containing QQ quarks according to the PCAC relation,
mps oc rag , (3.16) 
where from equation (1.12)
= bPS (---}. (3.17)
\« ««£/ V '
mps
For finite quark mass, it is necessary to obtain the lattice scale by fixing a di- 
mensionful quantity, usually mp , to its experimental value. With this, and an 
assumption for the functional form for the dependence of hadron masses on the 
component quark masses based on (3.16), KS can be obtained by tuning combina­ 
tions of hadron masses to their experimental values.
A detailed analysis of the chiral extrapolation and extraction of «s for the clover 
action at /3 = 6.2 is contained in references [31] and [45]. In this analysis, equa­ 
tion (3.17) was extended to include qQ mesons, where the chiral extrapolation 
becomes a planar fit in two « values. Thus, for example, if only one « value is 
extrapolated to the chiral limit, m^/mj can be used to obtain Ka . Using this 
quantity,
«d = 0.14315 + 2 K3 = 0.1419 + l . (3.18)~~ & ~~ i
Similarly for the clover data at /3 = 6.0,
Kd = 0.14556 + 6 K. = 0.1437 + 4 . (3.19) 
— 6 — 5
In the heavy-quark sector equation (3.17) no longer applies; however, theoretical 
predictions for the functional dependence of physical quantities on the heavy- 
quark mass are usually available. Furthermore, it is this dependence which is 
normally desired. If a theoretical prediction does not exist then any function of 
the heavy-quark mass, which reproduces the data, may be used providing only an 
interpolation is necessary. Thus, the value of a physical quantity at, for example,
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the charm quark mass is found by interpolating or extrapolating in the meson or 
quark mass; the lattice scale is used to obtain the quark mass corresponding to 
charm.
When extracting predictions using the general Wilson action for MI > 1, where 
the dynamical, hyperfine and static masses are not equal, it is necessary in the 
first instance to identify the mass parameter relevant to each physical quantity. 
Predictions are then extracted following the procedure described in the previous 
paragraph. If the correct identification has been made and the general Wilson 
action is valid for MI > 1, the predictions for each quantity dependent on a 
particular mass parameter should be consistent with experiment. A comparison of 
the functional dependence of the quantity on the mass parameter with theoretical 
prediction provides a further test. However, in practice, the presence of systematic 
errors in the estimates of physical quantities from, for example, quenching and 
the finite lattice spacing, means that even if the general Wilson action is valid 
and the correct mass parameters have been used, the predictions for all physical 
quantities are unlikely to be consistent with experiment.
In the following sections the dependence of the pseudoscalar and vector decay 
constants on the dynamical and static masses is compared. The vector decay 
constant is calculated in the QQ meson channel. Experimental measurements have 
been made of fa and a determination of the correct mass parameter with which to 
set the physical quark mass can be attempted. The pseudoscalar decay constant 
is computed for the qQ mesons, and only preliminary experimental measurements 
have been made of this quantity even for the D meson. Hence, it is difficult to 
determine whether or not the dynamical mass is the correct mass parameter to use, 
and only an analysis of the uncertainty in the predictions due to the uncertainty 
in the mass scale is attempted. However, a rough l comparison of the predictions 
extracted at (3 — 6.2 and 6.0 from the Wilson and clover actions can be made. An 
1 A detailed analysis of the errors in the estimates in lattice spacing is not presented here
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indication of a reduction in the discretisation errors in the estimates of /p and 
using the dynamical mass (through a reduction in the dependence on the value 
of the lattice spacing) is a positive sign for the dynamical mass being the correct 
mass parameter with which to fix the physical quark mass.
3.8 Renormalisation Constants: ZA and Zv
Before the decay constants calculated on the lattice can be compared with the 
experimental values, they must be multiplied by the appropriate renormalisation 
constants. For the clover action with rotated operators these have been calculated 
at one-loop order in perturbation theory:
Z$ = 1-0.1002 (3.20) 
Z% = 1-0.0202 (3.21)
Using the boosted coupling, g2 — 6/(/3uj), mentioned in §(1.2.3), with the defi­ 
nition of the average link UQ = (S/cj)' 1 , Z% ~ 0.97(0.96) and Z$ ~ 0.83(0.82) at 
ft = 6.2(6.0) are obtained. It should be noted that recent non-perturbative deter­ 
minations of ZA, at ft = 6.0, suggest the non-perturbative value could be larger 
by about 15% [46], and thus a considerable uncertainty exists in the value of this 
renormalisation constant. In the same study, Zy was found to be consistent with 
the perturbative result.
For the Wilson action, with the conventional quark field normalisation, \/2«,
Z? = 1-0.1702 (3.22) 
Z% = 1-0.1302 (3.23)
to be compared with [9],
Z$ = 1-(0.17-0.11)0' (3.24) 
Z™ = 1-(0.13-0.11)0' (3.25)























Table 3.4: The estimates of a 1 extracted from various quantities for the clover 
action at /3 = 6.2 and 6.0 and the Wilson action at (3 = 6.0.
for the heavy-quark normalisation, \/l — 6/c. Thus, using the \/%K prescription at 
j3 = 6.0,
Zy = 0.57, Zy = 0.67 (3.26)
compared to
using \/l — 6«.
= 0.84, = 0.95 (3.27)
3.9 Setting the Physical Scale
In order to convert a lattice quantity into physical units it is necessary to know 
the value of the lattice scale. This can be obtained by relating a dimensionful 
quantity to its physical value. It is desirable to calculate the lattice scale from 
as many quantities as possible, since consistency between the estimates of a"1 is 
proof that scaling has been achieved. Table 3.4 gives the estimates of a"1 obtained 
from the most commonly-used quantities, for the clover action at /3 = 6.2 and 6.0, 
and the Wilson action at (3 = 6.0. Details of the extraction of a"1 from the string
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tension (^/K), mp and /„ at /? = 6.2, are contained in references [47] and [31] 
respectively, while the results from the IP - IS splitting at both ft values are 
preliminary [48].
With the exception of fr at ft — 6.2, the consistency between the various esti­ 
mates of a"1 is encouraging. There is a large uncertainty in the lattice spacing 
from fr due to the need to use the renormalisation constant Z&. The perturba- 
tive values of ZA detailed in §(3.8) were used to obtain the values given in the 
table; however, as noted in the previous section, ZA may be significantly larger 
than the perturbative estimates, which would lead to a reduced estimate of a""1 . 
Furthermore, in reference [47], the ratio }K/fr (which does not require ZA) was 
found to be in good agreement with experiment.
The predictions for physical quantities are presented in this thesis as part of an 
exploratory study of the correct mass parameter to use to fix the quark mass; only 
a rough comparison of the predictions at different j3 values and with experiment is 
necessary. Thus, the uncertainties in the predictions introduced by the statistical 
and systematic errors in the lattice spacing are not considered, and the lattice 
spacing taken to be
a"1 = 2.0 GeV /3 = 6.0, (3.28) 
a"1 = 2.7 GeV j3 = 6.2. (3.29)
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3.10 Decay Constants From Zero- and Finite-Momentum 
Propagators
3.10.1 Pseudoscalar Decay Constant
The decay constant, fps, of the pseudoscalar meson is defined as
(3.30)
where AM represents the axial- vector current. In this study, fps was found by 
computing the ratio
where P$ represents a smeared pseudoscalar operator. Following the reasoning of 
§(3.2), for MI >• 1, the dynamical meson mass corresponds to the physical pseu­ 
doscalar meson mass appearing in the l.h.s. of equation (3.30) at zero-momentum, 
and must be distinguished from the static meson mass appearing in the hyperbolic 
function in (3.31). This implies that at finite momentum, the fourth component 
of equation (3.30) behaves as,
2
(3.32)
for Mp52 >• |p|, where MPSI represents the dynamical pseudoscalar meson mass 
and Ephya (p) is the fourth component of pM in (3.30). Note that an estimate 
of fps can be obtained without any assumptions about the mass parameter us­ 
ing the spatial components of the ratio (3.31), and likewise for the combination 
fpsEphys (p). Thus, the dispersion behaviour in equation (3.32), and hence the 
assumption Mpg13 = Mps2, can be verified.
In the heavy-quark limit, the quantity fpsyMps* scales like
= const, x [a0(M£sv*)]-2//3°, M^a -> oo (3.33)
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Since fPSMggs , rather than (3.33), is extracted from C^P(t)/C^p(t) at zero- 




for M = Mpsi (which assumes implicitly that M£§" = MPSi), and M = 
Mps2 (which assumes that Mph/8 = Mps2 ). If the correct mass parameter is 
not determined, by comparing $(Mpsi) and $(Mps2) the resulting uncertainty 
in any such deviations can be found. The strong coupling, aa(M ), is approximated
using
OTT
<*.(M) = ..... —— r (3.35) Polog(M/hQcD)
where /?o = 11 — §n/, with n/ = 0 in the quenched approximation, and A.QCD — 
200 MeV. It should be noted that $(M) is fairly insensitive to different choices of 
h-qcD (e.g. using A.QCD = 250 MeV) or for the anomalous dimension (e.g., taking 
n/ = 4).
The decay constant can be extracted in different ways, however, (3.31) was found 
to give the most precise determination. At /? = 6.2 for the clover action, the ratio 
of correlators was fitted in the range t = 15 to 22 for all combinations of light 
and heavy-quark masses, at all but the highest value of momentum. The values 
of E(p) and (Q\Ps\PS) extracted from the SS pseudoscalar correlators, using the 
fitting ranges detailed in table (3.2), were then used to obtain the decay constant. 
At j3 — 6.0, the fitting range t = 12 to 18 was chosen for the ratio obtained 
using the clover action, while t = 11 to 17, omitting alternate timeslices, was used 
for the Wilson data; the 55 pseudoscalar correlators were fitted between t = 12 
and 18 for both actions. Only results at zero momentum were obtained for both 
actions, as the statistical errors in the fourth component of the ratio was found 
to be prohibitively large at finite values of momentum. Unfortunately, no signal 
was found for C^sP(i) at (3 = 6.2, while at ft = 6.0 the relevant correlators were 
not available.













Figure 3.8: fpsEphys (p) as a function of |p| 2 , from the clover action at j3 = 6.2 
with Kq = 0.14144 and KQ = 0.121 (bursts), 0.125 (circles), 0.129 (diamonds) and 
0.133 (squares). The dashed lines represent linear fits to the data for each value 
of the heavy-quark mass.
3.10.2 Results for the Pseudoscalar Decay Constant
The results for fpsEphys (f>) from the clover action for one value of the light quark 
mass at /3 = 6.2 are presented in figure 3.8, plotted against \p\ 2 . A linear depen­ 
dence on \p\ 2 is apparent and fits were performed to the data at each value of the 
heavy-quark mass, using
(3.36)
The fit parameters obtained are given in table 3.5. In the absence of an indepen­ 
dent measurement of fps from the spatial components of (3.31) it is not possible 
to test whether the dispersion behaviour is equivalent to the SO behaviour of a 
pseudoscalar meson of mass Mps2- However, for the dynamical and static pseu­ 
doscalar meson masses corresponding to these values of the heavy-quark mass (also 
detailed in the table), MPSI ~ Mps2 , and the dispersion behaviour can be ex­ 
pected to be of the form in equation (3.32) even if this is not true at heavier quark












0.58 + 4 
— 4








0.66 + 7 
- 5
0.717 + 3








0.70 + 8 
- 6
0.824 + 4
0.86 + 5 
— 4
0.121




0.73 + 9 
- 7
0.926 + 4
0.97 + 6 
- 4
Table 3.5: The fit parameters obtained from a linear fit to fpsEphya (p) using 
equation 3.36, for the clover action at (3 = 6.2 with Kq = 0.14144.
masses when MPSI < Mps2- From (3.36) and (3.32),
y ai/2a2 (3.37)
The results detailed in table 3.5 are in rough agreement with this.
In figure 3.9 (i), the values of $(Mpsi) obtained using the clover action at /3 = 6.2 
are shown as a function of 1/Mpsi . At each value of the light quark mass, $(Mpsi) 
increases as the heavy-quark mass increases, and it is interesting to note that this 
increase is more rapid for larger values of the light quark mass. For the chirally 
extrapolated data, it was possible to perform a linear fit using a fit function of 
the form:
- £) < 3 - 38)
The fit parameters obtained are detailed in table 3.6. Using the extrapolation to 
the limit of infinite heavy-quark mass, the non-scaling corrections at the D and 
B meson masses are found to be of order 30% and 10% respectively. If the loga­ 
rithmic dependence in equation (3.33) is ignored, the slope of fpsMpg 3 /\/Mps\









Figure 3.9: $(M) as a function of 1/M, where (i) M = MPS\ and (ii) M = Mp52 , 
for the clover action at /3 = 6.2. Linear fits to the chirally-extrapolated 
points (squares) are represented by the solid lines. Also shown are the statis­ 
tical errors of the extrapolation to the infinite mass limit.
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Table 3.6: The values of the fit parameters of the linear fits to the behaviour of 
$(M), where M is either the dynamical or static pseudoscalar meson mass, for 
the clover data at 8 = 6.2.
with l/Mpsi becomes more pronounced but a linear function is still successfully 
fitted to the data.
For comparison, figure 3.9 (ii) presents the results for $(Mps2), plotted against 
l/Mp52- As noted previously, for the range of heavy-quark masses available,
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Table 3.7: The values of the fit parameters of the quadratic fits to the behaviour 
of $(M), where M is either the dynamical or static pseudoscalar meson mass, for 
the clover data at J3 = 6.2 and Kq = K3 .
~ Mps2, and there is no qualitative difference between results from the 
static and dynamical masses. This is reflected in the ~ 25% and ~ 10% non- 
scaling corrections found for fp and /# respectively, by performing a linear fit on 
the data points. The fit parameters obtained are also given in table 3.6.
As seen in the figures, a prediction for /o can be obtained by interpolating between 
existing data point, using the fit parameters in table 3.6, while an extrapolation 
is necessary to reach /B. In order to extract estimates for /D, and /B,, the same 
procedure must be applied to data which has been interpolated to Kq = K3 . At 
this value of the light quark mass, it was found that a successful fit could not be 
performed to data points without the inclusion of a quadratic term in the fitting 
function, which becomes
= Cl - I (3.39)
Not surprisingly, the fit parameters obtained, given in table 3.7, show the quadratic 
term is significant for both M = MPSI and MPSI-
The resulting estimates for the decay constants are presented in table 3.8, where 
the perturbative estimates given in §(3.8) are used for ZA- There are scant exper­ 
imental measurements with which to compare. Currently, only an upper bound
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186 + 6 
- 5
186 + 15 
- 16
/B
150 + 7 
- 4
142 + 13 
- 16
fn.
212 + 5 
- 5
207 + 12 
- 11
/B.
194 + 7 
- 6








1.29 + 5 
- 5
1.34 + 13 
- 13
Table 3.8: The estimates of the decay constants of the D, B, D8 and Z?s mesons 
obtained from the clover data at /3 = 6.2 using the dynamical and static pseu- 
doscalar meson masses.
on /D of 290 MeV exists. However, the first measurement of /#, has been made 
by the WA75 collaboration [49], who found
fo. = 232 ± 45 ± 20 ± 48 GeV. (3.40)
Considering the large uncertainty in this estimate, little can be read into the 
consistency between this and the values of /£> 4 in table 3.8.
The ratios fnjfn and /B,//B can be determined to a greater degree of accuracy, 
and since they are independent of the values of the lattice spacing and Z&, some of 
the systematic errors are expected to cancel. Table 3.8 shows the ratios obtained 
using the dynamical and static masses are consistent.
At (3 = 6.0, the range of quark masses available probe a region much closer to the 
b quark mass, and the difference between using the dynamical and static masses 
is more striking. Non-linear behaviour with l/Mpsi is clearly seen in the results 
for $(Mpsi) from the clover action, plotted in figure 3.10 (i). In contrast, if 
the dynamical mass is used instead linear behaviour is apparent. Quadratic and 
linear fits were performed to $(Mpsi) and $(Mpsz) respectively, yielding the fit 
parameters detailed in table 3.9. Although the statistical errors in $(M) and M 
are larger for M =













Figure 3.10: $(M) &s a function of 1/M, where the circles denote M — 
and the squares M = Mp52, from, the clover action at ft = 6.0. In (i) the results 
for the chirally-extrapolated data are presented, while (ii) shows the results for 
Kq = 0.1432. Linear and quadratic fits to the data are represented by the solid 
and dashed curves, respectively. Also shown are the intercepts at 1/M = 0.










0.51 + 12 
- 13
0.21 + 10 
- 4
cs






clover P = 6.0 AC, = 0.1432
0.23 + 2 
- 3
0.17 + l
0.59 + 6 
- 5
0.25 + 4 
- 3





Table 3.9: The fit parameters of the linear and quadratic fits to $(M), where M 
is either the dynamical or static mass, for the Wilson and clover data at f3 = 6.0.
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I he reduction in the dependence of $(M) on M compared to using the static 
mass, compensates for the larger statistical errors and leads to a determination 
of $(M = oo) of comparable accuracy. Furthermore, the extrapolated value is 
2cr below that for M = MPS\. The non-scaling corrections are of order 20% and 
10% for fD and fB respectively, using M = Mpsi, compared to 40% and 20% 
for M = Mps2 . It should be noted that for the lightest values of the heavy- 
quark mass, the dynamical pseudoscalar meson mass is slightly less than the 
corresponding static mass; however, the effect is not significant, at less than Icr 
in the statistical errors.
In addition, it is significant that at finite values of the light quark mass, where the 
dynamical masses are more accurately determined and the quadratic behaviour 
with 1/Mpsi is more marked, there is also only a linear dependence of 
on l/Mps2- This is illustrated in figure 3.10 (ii), which shows the values of 
obtained for the largest value of the light quark mass. The fit parameters resulting 
from a quadratic fit to $(Mpsi) and a linear fit to $(Mp52) are given in table 3.9.
Following the same procedure as for the data at /? = 6.2, the values for the 
decay constants of the D, Ds , B and Bs mesons given in table 3.10 are obtained. 
Encouragement can be found in a comparison of these results with those at j3 = 
6.2. For the D meson, where the static and dynamical masses are approximately 
equal, the results for /D and /£>, differ by less than la between the two /? values. 
More significantly, this level of consistency is also found between the estimates of 
fs and /B, extracted using the dynamical mass at j3 = 6.0, and those obtained at 
ft = 6.2.
The results for /B.//B, in table 3.10, show this ratio to be less dependent on 
the mass parameter used than are the individual decay constants; consistency is 
seen between the values obtained using the dynamical and static masses, and the 
results at /3 = 6.2.
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MPSI
MPSI
clover /3 = 6.0
fo
200 + 10 
-10
200 + 20 
-30
/fl
180 + 30 
-20
150 + 20 
-30
fo.
230 + 10 
-20
230 + 20 
-20
/*.
220 + 30 
-20





1.10 + 1° 
-10
f B.I IB
1.20 + 10 
- 10
l-»!!5
Table 3.10: The estimates of the decay constants of the D, B, D8 and Da mesons 
obtained from the clover data at /? = 6.0 using the static and dynamical pseu- 
doscalar meson masses.
For the Wilson action, $(Mpsi) was computed using both the conventional nor­ 
malisation for the quark fields, \/2/c, and the mean-field heavy-quark normalisa­
tion, Vl — 6/c, mentioned in §(1.2.3); the definition u0 = (8/Cd)"1 is used here. 
Figure 3.11 shows a comparison of these results with those from the clover ac­ 
tion at Kq = 0.1440; this value of the hopping parameter corresponds to a QQ 
pseudoscalar meson static mass roughly equal to that of the Wilson action at 
Kq = 0.1550.
Using the conventional normalisation, there is a clear discrepancy between the 
results from the two actions for pseudoscalar meson masses above M ~ 1.
This difference is dramatically reduced if \/l ~ 6« is used; as noted in refer­ 
ence [50], it is presumably effects at O(mga) which account for the discrepancy 
between the results from the two actions using \/2/c- The reduction in this dis­ 
crepancy using the mean-field heavy-quark normalisation supports the suggestion 
of Bernard et al. [12], that these effects are largely absorbed by this normalisation. 
If the dynamical mass is used in conjunction with this normalisation, figure 3.12 
shows a similar absence of non-linear behaviour in $(Mps2) to that found in the 
clover data.
Bernard et al. also investigated the effects of the dynamical mass, using mean field
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Figure 3.11: ZA$(M)) versus l/MPSi, at fi = 6.0, for the Wilson action using 
the normalisation, \/\ — 6k (circles), and the clover action (squares). Quadratic 
fits to the data points are represented as dashed lines. Also shown, are the results 
obtained for the Wilson action using the conventional normalisation (diamonds), 
\/2/c. The solid curve is to guide the eye.




0.26 + 3 
- 3
0.15 + 2 
- 2
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0.63 + 13 
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- 6
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Table 3.11: The values of the fit parameters of the linear and quadratic fits to 
the behaviour of $(M), where M is either the dynamical or static mass, for the 
Wilson data at B = 6.0.








Figure 3.12: $(M)) versus 1/M, at j3 = 6.0, for the Wilson action using the
normalisation, \/l — 6/c, and M = MPSI (circles) and M = Mps2 (squares). 
Quadratic and linear fits to the data points are represented as dashed and solid 
lines respectively and the intercepts in the infinite mass limit are indicated. The 
fit parameters obtained are detailed in table 3.11.
heavy-quark normalisation, on the scaling behaviour of fpsVM for the Wilson 
action at (3 = 6.3. These authors found the difference in fa and fs using Mps2 to 
be less than 4%, compared to the > 5% and > 40%2 changes, respectively, seen 
here. There are several differences in method, however. Firstly, the dynamical 
mass was estimated by using equation (3.10) to calculate the mass shift from 
MPSI to Mps2, and as noted in §(3.5.2), this is likely to lead to an overestimate 
of the mass shift. Secondly, the mass factor arising from the matrix element was 
assumed to be the static mass, and the effects of the dynamical mass were only 
included in the dependence on 1/M. Thus, for a given physical mass fixed using 
Mps2» the value of fpg is lower than that obtained from MPSI, but not to the 
extent found if Mph/a is taken to be the dynamical mass. Considering the possible 
overestimate of Mps2, the small change found in the estimates of fs is surprising.
2 Since the scaling violations decrease with the light quark mass those found at Kq = 0.155 
represent upper bounds on the scaling violations at zero light quark mass









Figure 3.13: ^$(M)) at (3 = 6.0, from the static theory (cross), and the sim­ 
ulation with propagating quarks with the clover action for M = Mpsi (circles) 
and Mps2 (squares). Quadratic and linear fits to the data points are represented 
as dashed and solid lines respectively and the intercepts in the infinite mass limit 
are indicated.
However, fits to the data points were constrained by the inclusion of the results 
obtained both in the static limit, and at lighter masses where MPSI
Figure 3.13 compares the value of ZA$(M) obtained in the static limit for the 
clover action at /3 = 6.0 on 36 configurations, with the results from propagating 
quarks, previously presented in figure 3.10 (i). Details of the calculation of the 
static theory result are contained in reference [50]. The extrapolation of the data 
derived using M — MPSI, lies about 2cr below the static result; however, a fit 
can be successfully performed which includes the static point and yields x2 = 1.1. 
This is not possible using M = Mps2> where the discrepancy between the static 
theory result and the result using propagating quarks is ~ 5a.
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3.10.3 Summary of Pseudoscalar Decay Constant Results
To summarise: for the correlators available a determination of whether or not the 
dynamical meson mass should be used to fix the physical quark mass was not pos­ 
sible. At ft — 6.2, for the range of heavy-quark masses available, MPSI ~ MPSI, 
and hence the uncertainty in the mass scale does not translate into significant 
uncertainties in the predictions for /D , /£>,, fB and fB,. Large negative O(Mpg) 
corrections to the scaling law /psV^?ps ~ constant were found in the chirally ex­ 
trapolated data, of order 30% and 10% at the D and B meson masses respectively. 
Interpolating the light quark mass to the strange quark mass, positive corrections 
at O(Mpj) were found to be significant.
At (3 = 6.0, where for the larger heavy-quark masses available, Mp$i > 1 and 
MPSI < MPSI, striking differences were found in the dependence of $(M) on the 
dynamical and static meson masses. Significant non-linear behaviour with Mp$i 
was found in 3>(Mpsi) for the qQ pseudoscalar mesons with zero and finite light- 
quark mass; the non-scaling corrections are of order 40% and 20% at the D and B 
meson masses respectively. In contrast, $(Mps2) was found to be less dependent 
on l/Mp52| only corrections to the scaling law at 0(Mpg2 ) are significant at all 
values of the light-quark mass, and are of order 20% at the D meson mass and 
and 10% at the B meson mass. The weaker dependence of the pseudoscalar decay 
constant on the dynamical mass provides greater confidence in the extrapolations 
to the B and infinite meson mass limit; the latter is 2a below that obtained using 
the static meson mass and $(Mp$i).
Since the dynamical and static meson masses are approximately equal around the 
D meson mass, the predictions for /D and /D, do not depend significantly on 
the meson mass parameter used, and are also consistent with those obtained at 
j3 = 6.2. However, the values obtained for fs and /B, using the dynamical meson 
mass lie ~ 2<7 below the corresponding values derived using the static meson mass;
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the closer agreement between the predictions for these decay constants extracted 
using Mps2 at (3 = 6.2 and j3 = 6.0 is a hint that the dynamical mass may be 
the correct mass parameter with which to fix the physical quark mass. However, 
the different dependence of $(Mpsi) on l/Mps2 found at the two /3 values for 
finite light-quark mass, suggests there may be significant discretisation errors in 
the estimates of the dynamical meson mass. Furthermore, it is worrying that 
the results for $(Mp$2) at /3 = 6.0 are not consistent with the results of the 
static theory, although any comparison of the two approaches is difficult because 
of the uncertainties in the renormalisation constants (different for the static and 
propagating theories); the possibility also exists for significant discretisation errors 
in the pseudoscalar decay constant.
3.10.4 Vector Decay Constant




where Vp represents the vector operator and eTJ(p) represents the polarisation 
vector. In this analysis, where LL propagators are available fy is determined 
through the vector correlator, Cyy(i):
arises from the sum over polarisations and components:
n 3 (3 - 43)
=l r=l
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In this case only the spatial components are averaged over; n = 3 and
(3.45)
Ideally, the fourth component of the vector correlators would also be included 
in the average; in this case, £(p) — 3 independent of momentum. Unfortunately 
these correlator were not available. Alternatively, where smeared propagators are 





where Avs is defined through,
(3.46)
(3.47) 
and appears in the amplitudes of CVy(t) and CyvW- For example,
C08h Btf)(r/2 ~ () ' (3 '48)
The vector decay constant in the charmonium system, fa, has been measured:
Mv/ fa = 1.19±4GeV2 (3.49) 
= 0.124 ±5 (3.50)
In this analysis, Myi > 1 and hence Myi < My2 around the mass of J/Vs where 
MVI and Mv2 denote the static and dynamical vector meson masses respectively. 
Thus, a comparison of (3.50) with the prediction of fa obtained using the dynam­ 
ical mass, provides a test of whether Mv2 — My, where My appearing in (3.42) 
and (3.48) is identified as the physical vector meson mass. However, note that 
My/(Zvfv ) can be extracted from Cyv(t)/Cvv(t) and Cvv(t) without any as­ 
sumption about the mass parameter. Thus, it is the more natural quantity to 
calculate. In addition, since the results for Mps2 , not My 2 , have been presented
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previously, a prediction for M$/(Zvfv) at the charm quark mass will obtained 
by matching the pseudoscalar mass parameter to the mass of T/C .
As mentioned in §(3.7) any disagreement found between prediction and experiment 
may be due to systematic errors, possibly from quenching or the finite lattice 
spacing, in the estimate of the decay constant, rather than use of the wrong mass 
parameter. In quarkonia, it is possible to obtain an estimate of the effect of 
quenching on the predictions for /^ using potential models. Consider the leptonic 
decay amplitude, VQQ = M$/fV ] this is related to the leptonic width, T, where
_~
Comparing this with the van Royen-Weisskopf formula [51] for F:
. (3.52)
where eq and mq are the charge and mass of the heavy quark, and the wavefunc- 
tion has been normalised for coloured quarks, VQQ is simply the wavefunction at 
the origin. An estimate of the effect of quenching on 1^(0)1 has been obtained 
by A. El-khadra [52] using the Richardson potential [53]; details of this calcula­ 
tion and the potential model approach are given in §(4.1.3). The absence of sea 
quarks was estimated to reduce |^(0)|, and hence V?c , by 14%. Thus, a lattice 
calculation of V+ should be compared to V£ ench « 1.0 GeV2 rather than (3.49). 
It is encouraging that the effect of quenching, from this preliminary calculation 
at least, appears to be small.
The hyperfine splitting is also related to the wavefunction at the origin (see 
§(4.1.2)). This suggests that both VQQ and the hyperfine splitting are deter­ 
mined by the same mass parameter. Thus, if for VQQ the dynamical mass proves 
the correct mass parameter to use to fix the physical quark mass, it is also likely 
to be a good approximation of the hyperfine mass parameter.
It is worth noting that using equation (3.45) with estimates of £(p) extracted
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from Cyv(t) or Cvv(t) (if only the spatial components of the vector correlator 
are averaged) it is possible to test whether or not Mv2 = Mv more directly. In 
practice, however, \p\ 2 /Mv < 1 for MVi > 1, and the momentum dependence of 
£(p) cannot be determined accurately enough to obtain estimates of My3 .
For the clover action at /? = 6.2, the ratio C^v(t)/Cvv(t) is fitted to a constant 
in the fitting range t = 15 to 22 at &\p[ = 0, 1 and v^l the statistical errors in 
the ratio are prohibitively large at higher momenta. Avs is needed in order to 
extract Mv/(Zyfy) t and this is obtained by fitting to Cyy(t) in the time interval 
t — 11 to 23. At j3 = 6.0, only LL propagators are available, and Mv/(Zyfv) was 
extracted from the amplitude of Cyy for both the Wilson and clover action at 
} \p\ = 0, 1 and V2, using the fitting ranges detailed in §(3.4). (V/(x)V/\Q)) was 
not available for either action at this p value, and £(p) w 3 was assumed. This 
assumption was checked using the data at (3 = 6.2, by calculating the ratio of 
the amplitudes obtained from fitting to Cvv(t) with, and without, including the 
fourth component of the vector correlator. The ratio was found to be consistent 
with 1 for all values of the heavy quark mass, indicating \p\ 2 /Mv <C 1. Since a 
similar range of the heavy quark masses is available at (3 = 6.0, it seems reasonable 
to use ((p) = 3.
3.10.5 Results for the Vector Decay Constant
The values of Mv/(Zvfv) obtained from the clover action at /3 = 6.2 and 6.0, 
and the Wilson action at j3 = 6.0 are presented in table 3.12. Agreement is 
expected between the values obtained at different values of momentum; table 3.12 
shows that, to within 2cr, this is the case. However there is a slight increase in 
Myf(Zvfv) with momentum at /3 = 6.0 for both actions and a slight decrease at 
(3 = 6.2. At /3 = 6.0, where Mv/(Zyfv) is extracted from the amplitude of Cyy(t),
3This is likely since \pf/MVi < 1 for MVI > 1
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this trend is consistent with a residual contribution from excited states to the 
vector correlators at finite momentum in the fitting regions chosen, thus leading 
to an over-estimate of the amplitude. At /3 = 6.2, it is likely that there is a residual 
contribution from excited states to the estimate of Avs, since from equation (3.46) 
an over-estimate of Avs leads to a smaller value for M$/(Zvfv ). Alternatively, 
the fitting range chosen for the ratio CyvW/OvvW may not correspond to the 
asymptotic region at finite momentum.
Figure 3.14 shows the results for VQQ from the clover action at /? = 6.2 and zero- 
momentum, plotted against both the static and dynamical pseudoscalar meson 
masses (the perturbative values of Zy given in §(3.8) are used throughout). Since 
the estimated effect of quenching is fairly small, statistical errors of order 5% 
in the value of VQQ at Mp$i ~ or/c are large enough to provide agreement with 
both the experimental value and V*™nch \ although from figure 3.14 the results 
are consistent with a prediction for V^c which lies closer to the former. However, 
using Mp52) the values of VQQ are consistent with a value of V?c 2<7 below 
at
The situation is reversed at ft = 6.0. Figures 3.15 (i) and (ii) present the results 
for VQQ obtained at zero-momentum, plotted against MPSI and Mpsi respec­ 
tively. Figure 3.15 (i) shows that using the static pseudoscalar meson mass to 
fix the physical mass, leads to a prediction for VSc that is significantly larger 
than the experimental value. In contrast, using Mp$2 the results are consistent 
with (3.50) (and within 2a of V/™nch ) at MP52 = oiye .
For the Wilson action at (3 — 6.0 the values of VQQ obtained are dependent on 
normalisation of the quark-fields. Figure 3.15 (i) also presents a comparison of 
the results obtained using the conventional normalisation, \/2/c, and the mean-
field heavy-quark normalisation, \A — 6« with MPSI. As the heavy-quark mass 
increases there is a clear divergence between the the results of the clover action
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0.135 + 4 
- 6
0.134 + 4 
- 6
0.130 + 8 
- 10
0.129
0.183 + 5 
- 8
0.181 + 6 
- 9
0.179 + 10 
- 13
0.125
0.234 + 6 
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0.230 + 12 
- 16
0.121
0.289 + 7 
- 13
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0.285 + 13 
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0.221 + 5 
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0.230 + 8 
- 6
0.244 + 15 
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0.135
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0.275 + U 
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0.13
0.292 + 6 
- 7
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- 10
0.125
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0.335 + JJ
0.346 + 16 
- 10
0.125
0.403 + 8 
- 8
0.415 + 10 
- 11






0.538 + 15 
- 15
0.111
0.764 + U 
- 18
0.777 + 16 
-20







1.69 + 4 
- 4
Table 3.12: The values obtained for rriy/(Zvfv) at 0, 1 and -\/2 units of momenta, 
from the clover action at (3 = 6.0 and 6.2, and the Wilson action at (3 = 6.0.
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Figure 3.14: VQQ versus the pseudoscalar meson mass from the clover at /3 = 6.2. 
The solid vertical and horizontal lines represent the experimental values for ra^ 
and Vcc, respectively, while the dashed horizontal line indicates the estimate of
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Figure 3.15: VQQ versus (i) MPSI (ii) MPSZ from the clover and Wilson action 
at /3 = 6.0. The solid vertical and horizontal lines represent the experimental 
values for ra^ and VfC , respectively, while the dashed horizontal line indicates the 
estimate of y*™nch obtained by [52]. The dotted curves are to guide the eye.
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and Wilson action using \/2«. Using the mean-field heavy-quark normalisation, 
however, consistency to within 2(7 is found between the results of the two ac­ 
tions; this adds further support to the suggestion, noted in §(3.10.2), that large 
O(mQa) effects are possibly being absorbed through using this normalisation. Fig­ 
ure 3.15 (ii) shows consistency is also found between the clover and Wilson results 
using the dynamical pseudoscalar meson mass and the mean-field heavy-quark 
normalisation.
It is disappointing that the results at ft = 6.2 do not provide clear confirmation 
that the dynamical mass corresponds to the physical mass, as suggested by the 
data at (3 = 6.0, and there does not seem to be a significant difference between 
using the dynamical or static mass. The difference between the results at the two 
J3 values may be due to significant discretisation errors in either VQQ or MPSI and 
Mpsz- However, the dependence on the lattice spacing is expected to be less at 
(3 = 6.2, suggesting, if the dynamical mass is the correct mass parameter, that 
the effect of quenching is significant. The agreement with experiment using the 
dynamical mass at j3 = 6.0 and the static mass at j3 = 6.2 may be misleading. 
The results from the Wilson action suggest that reducing the discretisation errors 
increases the V^g, while the effect of quenching and using the dynamical mass 
decreases it. Thus, it is difficult to predict how reducing the systematic errors 
further will alter the results.
3.11 Conclusions
The results presented in this chapter have shown some encouraging signs that the 
Wilson action is valid for meson masses above 1, provided that it is reinterpreted 
as an effective action. The clearest indication of this was found in the finite- 
momentum behaviour of the QQ and qQ pseudoscalar mesons for MPSI >> 1,
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where significant deviations from SC dispersion behaviour was seen in this range 
of meson masses. Assuming a TMN form for the dispersion relation, and obtaining 
an estimate of Mpsi from the data at the lowest value of momentum, dispersion 
behaviour at higher momenta was accurately predicted, even for masses of 0(3).
In comparison, the FSL dispersion relation, which would be expected to perform 
better than a dispersion relation with a continuum form if the discretisation errors 
are significant, was found to adequately describe the finite- momentum behaviour 
of the qQ pseudoscalar mesons, but markedly over-estimated dE(p)/d\p\ 2 for the 
QQ mesons. This differentiation of the qQ and QQ meson cases is indicative of 
the deviations from SC behaviour being dependent on the meson mass. Thus, the 
dynamical mass is determined by the meson mass not the quark mass. Prom the 
discussion of §(3.2), large discretisations errors are expected in the static meson 
mass as it increases above 1, and it is assumed to be the dynamical mass which 
corresponds to the physical meson mass.
For the qQ mesons, use of this assumption was found to have a significant effect 
on the violations of the scaling law fpsyMpsi' ~ constant found in the results 
from the clover action at /3 = 6.0, but not /3 — 6.2. Around the charm quark 
mass, the static pseudoscalar meson mass was found to be approximately equal to 
the dynamical meson mass for the qQ mesons at both j3 = 6.0 and ft = 6.2. Thus, 
at (3 = 6.2, where the heavy-quark masses available are restricted to this region, 
no significant differences were found between the results obtained using the two 
mass parameters.
At /? = 6.0, where MPS\ > 1 and corrections to the scaling law to order 1/M2 
were found to be significant using the static meson mass, only 0(1/M) corrections 
were significant using Mps2- That O(l/M2 ) corrections are not found, rather than 
simply reduced in magnitude, seems significant, and even more so considering this 
was the case at all values of the light quark mass. This weaker dependence on the
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dynamical meson mass provides greater confidence in the extrapolations to the B 
and infinite meson mass limit.
However, no test of the assumption MPS2 = Mp 1/* was possible, and hence there 
is no firm evidence in favour of using the dynamical mass over the static mass to 
fix the physical quark mass for the pseudoscalar decay constant. In addition, the 
large O(1/M2 ) corrections to the scaling law found at light-quark masses close 
to the strange-quark at (3 = 6.2 suggest that there are significant discretisation 
errors in the estimates of Mps2 . Heavy-quark masses closer to those available at 
(3 = 6.0 are needed in order to clarify this, and also to confirm the linear behaviour 
of $(M) with 1/M found in the chirally-extrapolated data. Similarly, increased 
statistics are needed at (3 = 6.0 in order to test the significance of the reduction 
in the scaling violations found using the dynamical mass.
For the QQ mesons, the difference between the dynamical and static meson masses 
around the charm quark mass is approximately 25% at both (3 values. Thus, with 
an experimental measurement of the vector decay constant, /^, a clear a test was 
expected of whether or not the dynamical mass is the correct parameter to use 
to fix the physical mass. At (3 = 6.0, the dynamical mass was found to provide 
results for VQQ consistent with both the quenched corrected and experimental 
values, compared to a significant discrepancy found using
However, at j3 = 6.2 the difference in the results using the two mass parameters 
was of the same order of magnitude as the estimated effect of quenching. It 
is difficult to discern whether the agreement with the experimental value of VSc 
found using the static mass is significant or if the effect of quenching is of the order 
estimated using a potential model analysis. Certainly, it is disappointing that for 
a quantity where the statistical errors are small, and MPSI ^ MPSI a decisive 
indication of the correct mass parameter was not found. A similar analysis using 
a mean-field improved value of the clover coefficient at (3 = 6.0, where lattice
Chapter 3. Heavy Quark Physics at Finite Momentum 106
artifacts are expected to be more significant, may provide a clearer understanding 
of discretisation errors. However, it may only be in the region of the bottom 
quark, where Mpsi <C Mps2 , that the effects of a different mass parameter can be 
seen above the systematic errors. Conversely, there is no evidence to rule out the 
dynamical mass being the correct mass parameter with which to set the physical 
mass; given the suggestion that VQQ and the hyperfine splitting are determined 
by the same mass parameter, an analysis of the hyperfine splitting using the 
dynamical mass may prove more fruitful.
Chapter 4
Mass Splittings in Heavy-Quark Systems
In a continuation of the analysis of quarkonia and mesons containing a single 
heavy quark, this chapter explores the dependence of the mass splittings on the 
heavy quark mass and SU(3) light flavour symmetry breaking. The theoretical 
predictions for these splittings from chiral HQET and potential model calculations 
are outlined in §(4.1.1) and §(4.1.2) respectively. The success of the potential 
models as a description of quarkonia, allows a quantitative estimate of the effect of 
quenching on the hyperfme splitting, which is possibly a source of large systematic 
error; this is discussed in §(4.1.3).
The splittings computed from the data sets detailed in the previous chapter are 
presented in §(4.3) and §(4.4) for the QQ and qQ mesons respectively. For each 
splitting, the results from the clover and Wilson action are compared in order 
to quantify the magnitude of discretisation errors. In addition, the dependence 
of the splittings on both the dynamical and static quark mass is found, with the 
view of determining the correct mass parameter with which to fix the heavy quark 
mass.
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4.1 Theoretical Predictions
4.1.1 Heavy-Light Mesons: Chiral Heavy Quark Effective 
Theory
The theoretical approach to a meson containing a single heavy-quark embodied 
in HQET treats the contributions from the light degrees of freedom as being 
nonperturbative. No insight is offered into the dependence of the properties of qQ 
mesons on the light quark mass. However, the reduced dependence of f\/m on 
rnq in the chiral limit, seen in the results of §(3.10.2), suggests the effect of the 
light valence quark on the corrections to scaling behaviour is far from negligible. 
To enable a perturbative study of the dependence on the light quark mass in the 
chiral regime, a union of chiral perturbation theory and HQET in the form of 
chiral HQET [54, 55, 56] has been developed. The latter introduces terms into 
the lagrangian representing the interaction of qQ mesons with low momentum 
pions.
Initial calculations using chiral HQET have centered on the dependence of the qQ 
meson mass on the heavy-quark mass (mq) and the light degrees of freedom (q). 
To order 0(l/rag) this meson mass has the form,
m(Ql) = mQ + e(Qt) + (S<? • S,> + 0 , (4.1)
where both the static binding energy, e(Ql), and the hyperfine coefficient A(Q/) 
depend on the light degrees of freedom and are of order A.QCD- In the chiral limit 
e(Ql), and A(Q/) become constant; equation (4.1) is then of the form predicted 
by Aglietti [57] . If both the SU(3)v light flavour and heavy-quark symmetries are 
broken, A(Q/) and e(Ql) have expansions in powers of 1/mg and mq beginning 
at order 1 and mq respectively.
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A prediction for the splitting between a pseudoscalar ((Sg -Si) = — |) and a vector 
((Sg • S{) = i) meson follows immediately from equation (4.1):
mv(Qq) - mPS(Qq) = + O - (4 ' 2)
Note the term e(Ql) is independent of the heavy spin and flavour as a result of 
heavy-quark symmetry, and so is cancelled in the hyperfine splitting. However it 
can be studied using the spin-average of the meson masses:
•7[™>Ps(Qq) + 3mv(Qq)] = rag + e(Qq) + O (-L ) . (4.3)
A ^ ~ ~» \ »r * / ' \ T/ * / J Tp ' \ «r 1 / ' 121 \ /4 \m2Q J
In the chiral limit, equation (4.3) provides an improved approximation for rag 
over using the individual meson masses. Therefore rag is approximated here as:
rag = lim -[mPS(Qq) + 3mv(Qq)} (4.4)
TTI,q—-+0 4
The hyperfine spitting then becomes,
™>v(Qq) - mPS(Qq) w -=—, (4.5)rag
and hence in the chiral limit, when A((J/) becomes constant, the splitting is 
inversely proportional to the heavy-quark mass.
Using Chiral HQET, the form of c(Ql) and A(Ql) can be calculated explicitly, and 
therefore the SU(3)v mass splittings can be determined. Assuming that isospin 
symmetry remains exact, mu = ra^ = 0, but the flavour symmetry is broken 
by the strange quark mass, the difference in the hyperfine splitting between qQ 
mesons containing a d and those containing an s quark is predicted to be [58]:
= (mv(Qs) - mPS(Qs)} - [mv(Qd) - mps(Qd)] (4.6)
167T 2/2 \ Ax
2A:
1g a/2 A22rag 167T 2/2 \ A2 / rag 
where AO and AI are the coefficients corresponding to the zeroth and first terms in 
the expansion of A((J/) in rag , at zeroth order in I/rag. The axial vector coupling
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g is constrained by the radiative and pion decay widths of the vector mesons, 
9 ^3 0.5. Ax is the chiral symmetry breaking scale; estimated at 47r/,r ~ 1 
GeV [59], the chiral logarithms in equation (4.7) have a value of ~ 28 MeV. This 
should be considered in the context of the experimental values for the hyperfine 
splittings:
D*s + - £+ = 141.5 ± 1.9 MeV [32] (4.8) 
£>*+ - D+ = 140.64 ± 0.08 ± 0.06 MeV [60] (4.9)
B*-B. = 47.0 ± 2.6 MeV [61] (4.10)
B* - B = 46.2 ± 0.3 ± 0.8 MeV [62]
or 45.4 ±1.0 MeV [61] (4.11)
The observed s — d hyperfine splitting of order 1 MeV motivates Jenkins [58] to
choose the counterterm *^-ms to be ~ —27 MeV. Equation (4.7) indicates the 
leading order nonscaling contributions from light-flavour symmetry-breaking are 
all terms of O(l/rag). This implies,
(B*d - Bd ) _ A,_d (B* - B) _ mc
The ratio of (4.9) and (4.11) support this relation, assuming rac w 1.5 and m\> « 
5.0 GeV.
Applying chiral HQET to the spin-average of the meson masses,





The static binding energy coefficient ei is directly analogous to AI (in equa­ 
tion (4.7)). €2 and e'2 are coefficients of the quadratic terms in the expansion in
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powers of rag and also of order 1 in the expansion in powers of I/rag. Since the 
light flavour symmetry breaking in the hyperfine splitting is only of order a few 
percent the predictions for the spin-averaged splittings can be compared to the 
experimental values for mPS(Qs) - mPS(Qd):
D+-D+ = 99.5 ± 0.6 MeV [32] (4.15) 
B,-B = 82.5 ±2.5 MeV,
121 ± 9 MeV [61] (4.16) 
or 96 ±6 MeV [63]. (4.17)
There is a large uncertainty in the experimental value of the s — d splitting for the 
B meson; however, these results suggest the dependence of the splitting on rag 
may be up to 10 — 20%. In contrast, equation (4.14) shows As_,i[^(raps + 3my)] 
is independent of rag to leading order.
When considering a lattice calculation of these mass splittings using the general 
Wilson action, care must be taken when identifying the quark mass appearing in 
each equation if rag a ~ 1. The results of the previous chapter suggest that the 
heavy quark mass associated with the hyperfine term A(Q/)/rag in equation (4.1), 
and consequently (4.5), (4.7) and (4.14), should be distinguished from the heavy- 
quark mass defined in equation (4.4); the latter corresponding to the static heavy- 
quark mass. Thus an independent measurement of the hyperfine quark mass, rags, 
is necessary before the dependence of the mass splittings on the heavy-quark mass 
can be determined. Unfortunately it is not possible to define rag3 other than 
through these mass splittings, and therefore it must be approximated using either 
the static or dynamical mass.
For the dynamical mass, support for this approximation is found in the tree level 
result for the hyperfine mass, discussed in §(3.2). Equation (3.10) shows that the 
tree level value for the coefficient of the clover term, used in this simulation, is such 
that the dynamical mass equals the hyperfine mass. Using the mean field theory
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approach, discussed in §(1.2.3), higher order corrections are estimated to change 
c to 1.5(1.4) at j3 = 6.0(6.2). In the same analysis the mean field value of c is 
required for mg3 = mg2 . However in equation (3.8) the hyperfine and dynamical 
quark masses are equal, and independent of c, in the limit of very heavy-quark 
masses.
Alternatively the uncertainty in the value of rag3 can be removed if it is fixed 
to reproduce the experimental value of the hyperfine splitting. Such a procedure 
is more relevant to NRQCD where the the hyperfine term appears explicitly in 
the action. The mass parameter is fixed to a given physical quark mass, using 
the lattice scale. By tuning the coefficient of the hyperfine term, distinct from 
the mass parameter, the qQ hyperfine splitting is matched to experiment. The 
value of the coefficient obtained can then be used to predict the splitting for the 
degenerate meson with the same heavy quark. As suggested by Thacker et al. [42], 
this is relevant in the bb system where a measurement of the hyperfine splitting 
would allow a prediction of the rji mass.
The discussion in the following section will show that there is no clear theoretical 
prediction for the dependence of the hyperfine splitting on rag in the QQ system. 
Since the non-relativistic approach used here assumes a continuum form for the 
dependence of lattice energy states on the heavy-quark mass, fixing mg3 using the 
non-degenerate mesons will not allow a prediction in the corresponding degenerate 
case. Furthermore it is undesirable to fix the heavy-quark mass using a quantity 
where the affect of quenching is unaccounted for and may be large.
The dynamical heavy-quark mass (ra^) can be defined in an identical way to rag 
in equation (4.4), using the dynamical vector and pseudoscalar meson masses. For 
the comparison of the s — d pseudoscalar and spin-averaged meson splittings only 
the static quark mass need be considered; the dependence on rag is introduced 
through the static binding energy e(Ql).
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4.1.2 Heavy-Heavy Mesons: Potential Models
The non-relativistic description of heavy-quark mesons using potential models has 
long been established as successful (for a review see [64]). The quark-antiquark 
bound states are modelled in a similar way to positronium, using the Shrodinger 
equation with a spherical potential; relativistic corrections are then added as 
perturbations. The largest correction for 5-state mesons is the chromomagnetic 
hyperfine interaction. To this order the dependence of the meson mass m(Q\ 
on the constituent heavy-quark masses, mQi and mg2 , can be summarised as
where the hyperfine constant, f, can be expressed in terms of the wavefunction at 
the origin:
Note that £ is zero for non-zero orbital angular momentum, since the wavefunction 
vanishes at the origin. The dependence of ( on the heavy-quark masses becomes 
explicit when 1*0(0) I 2 is related to the potential V(r):
dV(r)\^} (4- 2°)
This is a fundamental property of solutions to Schrodinger's equation for spheri­ 
cally symmetric potentials. Combining (4.19) and (4.20), the 5-wave mass split­ 
tings in quarkonia become,
mv(QQ)-mPS(QQ) = (V(P)) (4.21)
00
(4.22) 
In equation (4.22) terms of order l/ra^ have been neglected.
In order to uncover further heavy-quark dependence in these splittings it is in­ 
structive to consider a specific potential for (V'(r)). A commonly used form for
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V(r) is the funnel potential,
br + Vo (4.23)
where the strong coupling, a,(rag), can be approximated using equation (3.35). 
When the quark light, the linear term in the funnel potential is more influential 
than the Coulomb term, and (V(r)) can be approximated by a constant. Hence 
the difference of the squared meson masses depends on the quark mass only though 
the slowly varying strong coupling (the hyperfine splitting has an additional I/rag 
dependence). The experimental values of ray — mps , for the light degenerate, and 
non-degenerate mesons
raj-m2 = 0.57 GeV2 (4.24) 
mx. - rojc = 0.55 GeV2 (4.25)
shows the splitting to be roughly constant, supporting this analysis. However, 
it cannot be assumed that a potential model is still valid in this region of quark 
mass, since it is unlikely the behaviour of the valence quarks is non-relativistic.
At the other extreme, where the quark mass is very large, the linear term in the 
potential can be discarded. Prom the pure Coulomb term remaining,
4, (4.26) 
and thus the hyperfine splitting becomes, 
mv(QQ) - mPS(QQ) ~ a*
The my — mps splitting has the same form with an additional factor of rag. This 
prediction is valid over the c to b quark mass range of interest, but (4.27) is clearly 
an overestimate in the limit of infinite quark mass. The gradient of the potential, 
and hence the wavefunction at the origin, becomes singular and the spin dependent 
term in equation (4.18) can no longer be viewed as a relativistic perturbation. 
Other potential models can be constructed which weaken the Coulomb singularity
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and produce different behaviour for the hyperfine splitting [65]. This serves to 
illustrates how speculative the theoretical predictions are for the dependence of 
the mass splittings on the heavy-quark mass. Little experimental data exists to 
provide any guidance. The mass splittings for the charmonium system are,
-m,. = 0.117 GeV (4.28)
- ra2 e = 0.72 GeV2 (4.29)
It remains to calculate the splitting nonperturbatively to find the dependence of 
(V'(r)) on the quark mass. A definition is required for rag; this can be obtained 
analogously to equation (4.4):
rag « rag = -[mPS(QQ) + 3mv(QQ]. (4.30) o
For the charmonium and bottomonium systems, the lattice quark masses are of 
order a"1 . In this regime it is particularly important to distinguish between the 
different mass scales present, and therefore a comparison of the dynamical and 
static quark masses, as crude estimates of rags, will be made. In addition, the 
leptonic width, ray-//y, will be used to fix the charm quark mass. As mentioned 
in §(3.10.4), the leptonic width is related to the value of the wavefunction at the 
origin, and this suggests it is also determined by rags.
It is worth noting that the hyperfine splitting obtained on the lattice must always 
be positive for degenerate mesons. This follows from the observation of §(1.5) 
that the qq pseudoscalar correlator is the absolute value of the quark propagator 
squared ( see equation (1.37)). Hence an operator constructed from any other 
combination of gamma matrices will result in a correlator of smaller magnitude. 
Consider the asymptotic form of any 2pt-correlator in Euclidean space, C(t) ~ 
e~mt . In order for the pseudoscalar correlator to be larger in magnitude, the 
slope, and hence the mass, of the vector correlator must always be greater than 
the pseudoscalar mass.
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4.1.3 The Effect of Quenching on the Hyperfine Splitting
The effect of the quenched approximation on the hyperfine splitting can be under­ 
stood qualitatively for charmonium. The energy level spectrum can be described 
reasonable well by a potential model of the form (4.23), and therefore only the 
effect of the sea quarks on the potential itself must be considered. If the physical 
scale for the lattice calculation is set at an energy scale corresponding to inter­ 
mediate separations of the quark and antiquark, and hence the quenched and 
unquenched potentials are matched in this region. At smaller separations, where 
the linear term in equation (4.23) can be neglected, the potentials will differ. The 
strong coupling appearing in the funnel potential varies less rapidly with distance 
in the quenched approximation and hence the quenched potential must be less 
steep at small distances. If this remains true out to separations where the po­ 
tentials are matched, the quenched potential must lie above the unquenched one 
at short distances. Thus the strong coupling is weaker at short distances, in the 
absence of sea quarks. From equation (4.22) this will translate into a smaller 
value for the hyperfine splitting. The amplitude of the wavefunction at the origin 
is also a quantity dependent on short distance effects. Equation (4.20) and (4.26) 
show that a smaller strong coupling will decrease the hyperfine splitting further 
through 1^(0) | .
A quantitative estimate of this effect has been obtained by El-Khadra [52]. The 
Richardson potential was used,
which has the same form as the funnel potential in configuration space. Fitting 
the Richardson potential to the experimental charmonium system, with n/ = 3 
and nj = 0, the difference in the amplitude of wavefunction at the origin was
found to be:
(0) = °- 86
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The effect of quenching on as(rag) was also estimated [66]:
= 0.81 + (4.33)
This is in agreement with the naive value of 9/11, derived from equation (3.35). 
The overall reduction in the hyperfine splitting is approximately ~ 40%. The 
"quenched corrected" estimate for the hyperfine splitting in charmonium is then:
(mj/v, - m^uenched * 70MeV (4.34)
Since the Richardson potential has only been tested in the n/ = 3 case, this result 
can only be viewed as preliminary. Furthermore, a similar analysis of other models 
may show the correction to be very model dependent. Nevertheless (4.34) does 
indicate the possible order of magnitude of the quenched correction.
The effect of using the quenched approximation can also be estimated for the 
leptonic width. As noted in §(3.10.4), VcC is simply the wavefunction at the origin, 
and therefore is less sensitive to the effect of sea quarks on the potential compared 
to the hyperfine splitting. Using (4.32), VSc is reduced by approximately 14%, from 
1.19 GeV2 [32] to Vgench = 1.02 GeV2 .
4.2 Computational Details and Fitting Procedure
The results for this chapter were obtained using the zero momentum correlators 
detailed in §(3.3). For the Wilson action, additional meson correlators exist at 
(3 = 6.2 on 18 configurations at one value of the hopping parameter, KQ = 0.135, 
corresponding to a pseudoscalar static mass roughly equal to rjc . The hyperfine 
splitting was obtained from the ratio of the vector and pseudoscalar correlators, 
using a fitting function of the form,
t<Lt /2.











































Table 4.1: The fitting ranges for hyperfine splitting from the ratio of propagators, 
where the smearing used is shown in brackets.
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The fitting ranges chosen, using the standard fitting procedure of §(1.6.4), are 
shown in table 4.1 along with the smearing combination used for the heavy-quark 
propagator. For the Wilson action at (3 = 6.0, the fit to the ratio of non-degenerate 
correlators omits alternate timeslices within the fitting range; the limited num­ 
ber of configurations available presented an identical problem to that found when 
fitting to the individual correlators, as discussed in §(3.3). All the fits were per­ 
formed taking the correlations between different timeslices into account and the 
errors were obtained using the bootstrap method outlined in §(1.6.3). For a com­ 
parison of the dependence of the hyperfine splitting on the static and dynamical 
quark mass, the dynamical meson masses presented in chapter 3 are used in con­ 
junction with equation (4.4). This comparison is not possible for the Wilson action 
at j3 = 6.2 since there are no finite momentum correlators with which to estimate
771Q2-
4.3 Results for the Hyperfine Splitting in Heavy- 
Heavy Mesons
The results for my — mps at j3 = 6.0 and 6.2 are presented in figure 4.1. Also 
shown are the values of the splittings obtained for degenerate mesons at three 
different light quark masses for the clover action at /3 = 6.2 and 6.0, and the 
Wilson action at 6.2; there is one light quark mass available at (3 = 6.0 for the 
Wilson action.
From the discussion in §(4.1.2) my — m2PS is expected to be roughly constant in 
the light quark sector. As the quark mass increases, (4.25) and (4.29) show the 
splitting should also increase. In figure 4.1, the splitting at the lightest quark mass 
from the clover action at both (3 values, is consistent with the experimental value 
for p2 — 7T 2 . As the quark mass increases, the splitting shows little variation at
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Figure 4.1: my — mps versus rrips , in lattice units, for the Wilson (circles) and 
clover (squares) actions, at (i) (3 = 6.2 and (ii) 6.0. Also shown are the experi­ 
mental results for charmonium and p2 — ir2 .
(3 = 6.0, while for (3 = 6.2, where the statistical errors are smaller, a slow decrease 
is seen. This trend continues into the heavy-quark sector where my — m?PS falls 
significantly, contrary to the experimental results. However as the meson mass 
increases the difference between the Wilson and Clover results becomes more 
significant at both values of ft.
The values obtained for the hyperfine splitting are shown in figures 4.2 (i) and (ii), 
plotted against the inverse of the static and dynamical quark masses respectively. 
The lattice scale from mp was used to convert the results into physical units. A 
fit to the functional form,
my — = OL\ -\- — — -\- — (4.36)
was performed to each data set, taking the correlations between different quark 
masses into account; the values of the fit parameters obtained are detailed in 
table 4.2.
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Figure 4.2: my — "mps versus (i) l/rhqi (ii) l/rhqi, in physical units, for the 
Wilson action at (3 = 6.0 (circles) and ft = 6.2 (bursts), and for the clover action 
at (3 = 6.0 (diamonds) and /3 = 6.2 (squares). The broken and solid lines show 
a quadratic and linear fit to the data, respectively. The experimental value for 
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0.00 + 4 
- 3
0.09 + 4 
- 6
0.01/1
Clover, j3 = 6.0
fflQl
-0.006 + 5 
- 7
0.034 + 23 
- 18






0.075 + 24 
-24
0.043 + 44 
-55
2./3
Clover, ft = 6.2
rfiQi
-0.000 + 5 
- 4






0.007 + 2 
- 4
0.04 + 2
0.13 + 3 
- 4
1.1/1
Table 4.2: The parameters obtained from fitting to the hyperfine splitting using 
the static and dynamical quark masses.
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Figure 4.2 (i) shows the hyperfine splitting is very sensitive to the presence of 
the spin dependent improvement term. Using the clover action instead of the 
Wilson action, results in a marked increase in the splitting and a reduction in the 
dependence on the lattice spacing, ragi is also likely to be sensitive to discreti­ 
sation errors. However, the Wilson and clover data can only be compared if the 
corresponding values of fhqi are matched, and in the absence of a theoretical pre­ 
diction for the dependence of the splitting on the heavy-quark mass it is difficult 
to untangle the discretisation errors arising from TOQI, from those present in the 
splitting. Nevertheless, for the purposes of a comparison with mg2» the results of 
§(3.5.2) suggest both masses have a similar dependence on o.
Another important feature of the figure is the nonlinear dependence of the splitting 
on the heavy-quark mass, for both the Wilson and clover data. A successful fit 
to the data points could not be obtained without the inclusion of the quadratic 
term in (4.36). The extrapolations of the fits, at both ft values, are consistent 
with positive values of the hyperfine splitting for all ragi, and the intercepts of 
the fits are consistent, within ~ la, with the splitting vanishing in the limit of 
infinite quark mass. A slight increase is seen in the splitting from the Wilson data 
as friQi increases, however this is not statistically significant.
If, instead, the hyperfine splitting is plotted against mg2 , figure 4.2 (ii) shows that 
similar behaviour is found. The dynamical quark mass corresponding to each K 
value is greater than the static quark mass. Thus, since the splitting increases 
with decreasing heavy quark mass, using fhq^ produces a larger estimate for the 
hyperfine splitting compared to mqi at a given physical mass. Over the range 
of quark mass values used, there is less dependence on the lattice spacing in the 
clover data compared to that seen in figure 4.2 (i). However, the errors in rag 
are larger, and the extrapolations of the fits to both lighter and heavier quark 
masses suggest the agreement is not significant. The differing sensitivity to the 
value of a found using ragi and rag2 illustrates how lattice artifacts can be over
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or underestimated if the wrong mass scale is used.
At /? = 6.0 the data obtained using the clover action can be fitted to a straight 
line; the intercept is still within 1<7 of the origin. If the dynamical qua rk mass is 
a close approximation to the hyperfine quark mass in the region of very large rag, 
the difference in the functional dependence at (3 = 6.2 and 6.0 for the clover data 
would suggest either rag2 or rag3 is sensitive to the value of the lattice spacing. 
However in the absence of a firm theoretical prediction for the behaviour of the 
hyperfine splitting as the heavy-quark mass diverges, it is impossible to determine 
which, between ragi and rag2, is a better approximation to rags. Conversely, there 
is no firm indication from the data of the functional dependence of the splitting 
on rag.
Predictions for the hyperfine splitting in charmonium and bottomonium can be 
extracted from the data. Experimental estimates of mc and ra& are needed, but 
since the quark mass is not a well defined quantity, only very approximate values 
are available. Using the definition of the heavy-quark mass in equation (4.4) with 
the experimental meson masses, rac ~ 1.5 GeV and ra& ~ 4.7 GeV. These values 
are within the mass ranges predicted using potential model calculations, where 
rac = 1.3 - 1.7 GeV and mb = 4.7 - 5.3 GeV [32].
Prom figures 4.2(i) and (ii), rac lies between existing data points and 
can be obtained by interpolation using the fit parameters detailed in table 4.2, 
while an extrapolation is needed to reach rag = ra&. Table 4.3 shows the results for 
cc and 66, using the clover action at (3 = 6.0 and 6.2. The uncertainty in the value 
of rag creates a systematic error in the splitting. Using the bounds for rac and 
mi from the potential model calculations, leads to a ~ 20% and ~ 10% variation 
in the hyperfine splitting for charmonium and bottomonium respectively.
The values obtained for raj/^ — raT,c using the dynamical mass are significantly























Table 4.3: The predicted values of the hyperfine splitting in charmonium and 
bottomonium, in MeV, obtained using the dynamical and static quark masses for 
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Figure 4.3: raj/^ — n^c versus a2 in physical units. Also shown is the value of the 
hyperfine splitting obtained if the leptonic width is used to set the charm quark 
mass.
larger compared to the static mass results, but all lie well below the experimental 
result. Quenching may account for a large part of this discrepancy; this effect is 
likely to be even more significant in bottomonium, since heavier quark masses are 
more sensitive to changes in the potential at short distances.
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Figure 4.3 shows the variation of the hyperfine splitting with o2 for charmonium, 
where a lattice scale of 2(2.7) GeV is used at /3 = 6.0(6.2). Also included are 
the results derived using V£"nch to set the charm quark mass. At /3 = 6.0, using 
the leptonic width yields a splitting which is consistent with the value obtained 
using fn,Q2. This is a reflection of the agreement found between the prediction for 
VSc obtained by setting rac using mQ2 , and Vsq™nch , discussed in §(3.10.4). The 
splittings from both quantities are ~ 15 MeV lower than the predicted quenched 
corrected value of the hyperfine splitting.
Also shown in figure 4.3 is a preliminary result for the hyperfine splitting obtained 
using c = 1.57 at ft = 6.0 on the 163 x 48 lattice with 36 configurations [48]. 
This value of the clover coefficient corresponds to the mean-field estimate of c at 
(3 = 6.0, if UQ = (8/Cd)" 1 is taken as the definition of the mean link. Using c = 1.57 
may be a slight overestimate of the effect of the higher order corrections, since 
the plaquette definition of UQ yields c = 1.5. However, results obtained using the 
latter value, at a quark mass slightly less than charm, show no indication of a 
significant change in the splitting. An equivalent calculation at a much smaller or 
larger value of (3 is needed to test for a reduction in the sensitivity to the value of 
the lattice spacing using a mean-field value of c compared to c = 1.0.
The charm quark mass was fixed using the dynamical mass. Figure 4.3 shows the 
resulting splitting is approximately 25 MeV larger than that for c = 1, and closer 
to the quenched corrected value. Using V5c to fix rac produces a consistent result, 
however Zy has yet to be determined, and this leads to a 15% uncertainty in the 
splitting. The hyperfine splitting is also in closer agreement, with the results of 
the Fermilab group [52] for c = 1.4. These authors used Y^ench to set the charm 
quark mass, and determined the lattice spacing from the IP — IS splitting.
At /3 = 6.2, the ~ 3a discrepancy between the splittings obtained by setting the 
charm quark mass using the dynamical mass and leptonic width is expected from
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the results of §(3.10.4). Considering the sensitivity of the hyperfine splitting to 
the value of the clover coefficient, the small dependence on a seen in the splitting 
obtained using rag2 is unlikely to be fundamental.
4.4 Results for Heavy-Light Mesons
4.4.1 The Hyperfine Splitting
The values of the hyperfine splitting obtained from a chiral extrapolation of the 
light quark mass, for the clover action at (3 = 6.0 and 6.2, are shown in fig­ 
ures 4.4 (i) and (ii), plotted against the inverse of ragi and rag2 respectively; rag» 
corresponds to the spin-average of the chirally extrapolated meson masses. The 
results for the Wilson action are also shown for a single value of the light quark 
mass close to strange. Note that, as the light quark mass of the mesons used in 
equation (4.4) increases, ffiQ becomes a less reliable estimate of rag. Using the 
range of light quark masses available for the clover data at /? = 6.0, the decrease 
in rfiqi and rfiQ-z is of order 3% and 10% respectively, as mq is reduced from ~ raa 
to zero. This decrease is of the same order of magnitude as the statistical errors, 
5% and 10% for ragi and rhqi respectively, in the Wilson data.
A noticeable feature in the clover data at (3 = 6.0 is the larger statistical errors for 
the two heaviest values of rag. A decrease in the errors in the splitting is expected 
as the quark mass increases, however the fitting range used begins at timeslice 16, 
compared to 12 for the smaller values of rag.
Linear behaviour with I/rag is apparent in both figures and correlated fits to the 
data were performed using the functional form of equation (4.36), with 03 = 0; 
the parameters obtained are given in table 4.4.
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Figure 4.4: my — rnps versus (i)l/ragi (ii)l/mQ2 , in physical units, for the clover 
action at /3 = 6.0 (diamonds) and {3 = 6.2 (squares) and the Wilson action at 
(3 = 6.0 (circles). The solid lines show a linear fit to the data. Also included 
are the experimental values for the D* - D (burst) and B* - B (fancy square) 
splittings.
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Figure 4.5: The effective masses derived from the SS correlators in the pseu- 
doscalar channel, for the clover action at /3 = 6.2 with Kq = 0.14226 and 
KQ = 0.133 (circles), 0.129 (diamonds), 0.125 (bursts) and 0.121 (squares).
The correlated fit obtained for the clover data at /? = 6.2 warrants some discus­ 
sion. Figure 4.4 shows the correlated fit lies above all the data points. This is 
due to the presence of large correlations between the data points, and hence an 
almost singular correlation matrix; in these circumstances a correlated fit becomes 
extremely sensitive to any deviation in the data from the behaviour specified by 
the model function. These deviations can become amplified and the fit can lie 
several a from the data points [67]. However, a bad fit is still reliably indicated 
by a large value for the x2 - Hence, since the %2 is reasonable, the effect is not 
statistically significant for this data. Likewise, although performing a quadratic 
fit produces a curve which is, to the eye, in closer agreement with the data, the 
quadratic term is also not statistically significant.
High correlations between data points corresponding to different values of the 
heavy quark mass is not unexpected. The heavy quark propagator has little sen­ 
sitivity to the fluctuations in the gauge fields, reflected in the small statistical 
errors in the correlators constructed from heavy quark propagators. This is il-
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lustrated in figure 4.5, which shows the effective masses extracted from the SS 
correlators in the non-degenerate pseudoscalar channel at /3 = 6.2 using the clover 
action. The variation of the effective mass with timeslice is identical for the four 
values of the heavy quark mass. If the same fitting range is used to extract a 
quantity from a function of the correlators, for all /CQ, the correlations between 
data values obtained is increased. In this case the increase in the correlations is 
to a point where the correlation matrix is close to singular. For the clover data 
at /3 = 6.0, where different fitting ranges are used for different values of /CQ, the 
correlated fit is well behaved.
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Table 4.4: The parameters obtained from fitting to the hyperfine splitting using 
the dynamical and static quark masses.
Equation (4.5) predicts a linear dependence for the hyperfine splitting on 
However the splitting is also expected to vanish as the heavy-quark mass diverges. 
At ft = 6.0 this feature is seen in the results for both actions if rag2 is used.
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Although the statistical errors are large, this suggests the dynamical quark mass 
is a good approximation to the hyperfme quark mass. The behaviour of the clover 
data at /3 = 6.2 is effectively unchanged by the use of the dynamical mass; over the 
range of heavy-quark masses used TTIQI ~ friQi. The intercept lies more than 2<7 
below the origin. However, since there are just four data points and a large range 
of quark mass over which to extrapolate, an increase of only approximately la is 
needed in the dynamical mass estimates in order to obtain an intercept consistent 
with the origin. Alternatively, the discrepancy between the behaviour at the 
different fi values may be significant, suggesting either ffiQi or rags is sensitive to 
the lattice spacing.
Using both the dynamical and static quark masses, the discrepancies between 
the results of the clover action at the two ft values, and similarly the Wilson and 
clover action at j3 = 6.0 suggests the discretisation errors in the hyperfine splitting 
maybe significant. A similar analysis at (3 = 6.2 for the Wilson action is needed 
to check whether the dependence on the lattice spacing is reduced at this value of
ft-
Substituting the experimental values of the D and B meson masses into equa­ 
tion (4.4), the c and 6 quark masses are approximately 2.0 and 5.3 GeV respec­ 
tively. These estimates are rather large compared to the values used in the pre­ 
vious section and the results of the potential model calculations. The correlated 
fit to the clover data at (3 = 6.2, served to provide the functional dependence 
of the splitting on the heavy-quark mass, but is unsuitable for interpolation or 
extrapolation to a particular rag. Instead, KQ = 0.129 is chosen to correspond to 
the charm quark mass, since ragi = 1.9 for this value of the hopping parameter. 
In order to facilitate a comparison between the clover data at both (3 values, this 
value of the heavy-quark mass will also be used for the /? = 6.0 data; rag ~ 5.3 
will be used for the bottom quark mass.
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Table 4.5: Predictions for the hyperfine splitting in the D, Ds , B and Ba mesons 
systems, in MeV, obtained using both the dynamical and static heavy-quark 
masses with the clover action.
Table 4.5 shows the predicted values of the hyperfine splitting for the D and B 
mesons, where the scale obtained from mp has been used to convert into physical 
units; the results for Ds and Bs are also included in the table. The smaller 
statistical errors in these predictions at /3 = 6.0 reflects the 20% reduction in the 
errors in the data if the light quark mass is increased from the chiral limit to the 
strange quark mass.
There is a large shortfall between experiment and the lattice predictions. Further­ 
more, there is a large dependence on the lattice spacing for the static quark mass 
predictions of the splitting. Considering rhqi ~ rnqz around the charm quark 
mass at (3 = 6.2, the predictions derived using the dynamical quark mass indicate 
there is a similar sensitivity to the value of a using this quark mass. However, the 
systematic errors are due to the uncertainty in rag are large; if the splittings are 
recalculated using the quark masses obtained from quarkonia, the central values 
in the splittings for the D and B mesons increase by approximately 20% and 10% 
respectively at (3 = 6.0. Combining this uncertainty with the statistical errors, 
* — D splitting obtained at /? = 6.2 is still significantly below experiment.
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Part of the discrepancy between prediction and experiment may be due to the 
use of the quenched approximation. The fact that the fits to the (3 = 6.0 data 
produce intercepts which are consistent with the origin suggests any effects arising 
from the absence of sea quarks appear in the slope of the hyperfine splitting with 
1/ffiQ. The ratio £>* - D/B* - B ~ 3 is consistent with mb/mc = 5.3/1.9 ~ 3, 
but the statistical and systematic errors are too large for this to be significant.
4.4.2 The s-d Splittings
Figure 4.6 shows the s — d spin-averaged and pseudoscalar mass splittings plotted 
against 1/ragi for the clover action at /3 = 6.0 and 6.2. Linear, correlated fits 
were performed on each data set and the fit parameters obtained are detailed in 
table 4.6. The correlated fit to the clover data at (3 = 6.0 illustrates further the 
problem of large correlations existing between data points. The pseudoscalar and 
vector masses used to calculate the splittings were all obtained using the same 
fitting range at /? = 6.0 but not at fi = 6.2 (see §(3.3)).
A striking feature of the figure is the the removal of the dependence on the heavy- 
quark mass using the spin-average of meson masses in the (3 = 6.0 data, in agree­ 
ment with the predictions of chiral-HQET (equation (4.14). There is a remaining 
dependence on 1/mgi at (3 = 6.2, however table 4.6 shows this is significantly re­ 
duced compared to the naive s — d splitting. Thus, this is a quantity which is less 
dependent on uncertainties in the mass scale; although as mentioned in §(4.1.1) 
the nai've and spin-averaged s — d splittings are not expected to depend on the 
dynamical mass. Furthermore, the results for the nai've splitting are in rough 
agreement with the experimental value of 100 MeV at the charm quark mass; the 
splitting decreases with increasing quark mass, consistent with the lower experi­ 
mental measurements of the splitting in the B meson.
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Figure 4.6: The naive and spin-averaged s — d splittings versus 1/mgi, for the 
clover action at ft = 6.0 (diamonds) and (3 = 6.2 (squares). The experimental 
values for the s—d naive splitting in the D meson (circle) and the B meson (bursts) 
are also shown.
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Table 4.6: Linear fit parameters for s — d mass splittings, in GeV, obtained using 
the static quark mass.
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Figure 4.7: my — mps versus 1/ragi, in physical units, for three values of the 
light quark mass (diamonds) and the chiral extrapolation (squares) using the 
clover action at /? = 6.2. The solid lines show a linear fit to the data.
4.4.3 The s — d Hyperfine Splitting
For a study of the effect of finite light quark mass on the hyperfine splitting, only 
the clover data at (3 = 6.2, using ragi, is suitable; the statistical errors are small 
enough for differences of > 10 MeV to be significant. The meson masses available 
are below a"1 . In this region ragi ~ mqi ~ rags and the light and heavy-quark 
mass dependence of the hyperfine splitting should be reproduced fairly reliably 
using ffiQi for the heavy-quark mass. However the extrapolation of the data with 
mq = 0 to infinite quark mass does not agree with the theoretical prediction, nor 
intuitive expectation, and the slope of the my — mp$ versus 1/ffiQi is not likely to 
be correct. Hence the value of A0 , the constant term in the expansion of A(Q/) in 
mq and l/rhq (equation (4.5)), and the value of A(<3/) in the chiral limit, cannot 
be determined.
Figure 4.7 shows the dependence of the hyperfine splitting on irtqi for three light 
quark masses and the chiral extrapolation, for the clover action at (3 = 6.2. The
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hyperfine splitting decreases with increasing light quark mass. Linear, correlated 
fits were performed for each value of the light quark mass; the fit parameters 
obtained are given in table 4.7. The correlated fits lie above the data points for 
each data set, however, as for the chirally extrapolated data, the %2 indicates this 
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Table 4.7: The parameters obtained from fitting to the hyperfine splitting for each 
value of the light quark mass and the chiral extrapolation, at ft = 6.2 using the 
clover action and the static quark mass.
As the heavy-quark mass increases, figure 4.7 shows the splitting becomes inde­ 
pendent of the light degree of freedom and consistent with value in the chiral 
limit. Any deviation from this behaviour at smaller values of fhqi and finite mi 
necessitates the inclusion of higher order terms in 1/mgi. However smaller values 
of the heavy-quark mass or larger values of mq are needed to see this in the data.
The light quark mass dependence can be explored further by considering the s-d 
splitting, shown in figure 4.8. The parameters of a linear correlated fit to the 
data are included in table 4.6. The linear dependence on 1/ragi is in agreement 
with the behaviour predicted in equation (4.7). Around the charm quark mass 
this splitting is approximately —5 MeV. The experimental results, (4.9), show 
the s — d splitting is of this order of magnitude, but are not accurate enou
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Figure 4.8: The s — d hyperfine splitting for the clover action at /? = 6.2 (squares).
to determine the sign of the splitting. A discrepancy between experiment and 
prediction is likely in a splitting of this size, since at this level the omission of 
electromagnetic effects in the lattice calculation will introduce a significant error.
4.5 Conclusions
The results presented in this chapter for the mass splittings in the qQ mesons 
are encouraging. For both the Wilson and clover data at (3 = 6.0 and 6.2, the 
hyperfine splitting was found to be linearly dependent on 1/ragi, in agreement 
with the expectations of chiral HQET. However, the hyperfine splittings were 
found to vanish at a finite value of the static quark mass, instead of the predicted 
value of ffiQ = oo, suggesting that the splitting is determined by a different 
mass scale. In contrast, if the dynamical quark mass is used, at ft = 6.0, the 
splittings are consistent with prediction. This is the first hint of rhqi being a good 
approximation of the hyperfine quark mass. However, at (3 = 6.2, no improvement
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was found in the behaviour of the splitting for large values of the quark mass using 
the dynamical quark mass, and it is possible there is a significant discretisation 
error in this or the hyperfine mass parameter. A comparison of the results from 
the Wilson and clover action at (3 = 6.0, showed the hyperfine splitting to be 
sensitive to the value of the clover coefficient, and hence to the value of a.
Since rfiQ2 ~ ragi around the charm quark mass, the value for D* — D obtained 
using the dynamical quark mass to fix rac , was found to be consistent with that 
obtained using the static quark mass, and ~ la below the result at /? = 6.2. 
However, the dependence on the lattice spacing, combined with the statisitcal 
errors and the uncertainty in the physical quark mass, is not sufficient to account 
for the discrepancy found with experiment.
The behaviour of the s — d spin splittings with the heavy quark mass is also 
in agreement with predictions of chiral HQET. A significant reduction in the 
dependence on rhqi was found in the spin-averaged s — d splitting compared to 
the naive s — d splitting. The value of the naive s — d splitting obtained at a 
quark mass corresponding to charm is roughly consistent with the experimental 
result, while at the bottom quark mass this splitting is consistent with the lower 
experimental measurements.
For the hyperfine splitting in quarkonia, the results are less clear cut. Assuming 
that the leptonic width is also determined by mg3 , the results of §(3.10.4) suggest 
the dynamical mass is a fair approximation of the hyperfine mass at (3 = 6.0, but 
it is unclear whether this is also true for (3 = 6.2. The lack of a firm theoretical 
prediction for the behaviour of the hyperfine splitting with the heavy quark mass 
prevents any test of this through the functional dependence of the splitting on mgi 
and rfiQi. In addition, the results of §(3.5.2)) show the dynamical meson mass is 
not determined by the quark mass; hence, if mqi ~ rfiQz for qQ mesons, this is 
not necessarily true for QQ mesons. The magnitude of lattice spacing dependence
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differed between the quark mass parameters used, and this showed it is possible 
to over or under estimate the size of the discretisation errors if the wrong quark 
mass scale is used.
The predictions obtained for the hyperfine splitting in charmonium lie significantly 
below experiment, although those extracted using the dynamical quark mass are 
significantly larger than the corresponding values from the static quark mass. 
Considering the uncertainty in the value of the charm quark mass the results are 
consistent with the estimated ~ 40% reduction in the J/i/> — T?C splitting due to 
quenching. However, a comparison of the results using the tree level value of the 
clover coefficient, with those from using a mean-field value, showed the hyperfine 
splitting to be very sensitive to the value of c. The splitting obtained using the 
latter value of c with the dynamical quark mass, was found to be slightly higher, 
though consistent with, the quenched corrected value, and also consistent with 
the results from the Fermilab group. A study is needed of the hyperfine splitting 
calculated using the tree level and mean-field value of c at a variety of ft values, to 
test for a reduction in the dependence on the lattice spacing using the latter value 
of the clover coefficient and the dynamical mass; with greater confidence in the 
magnitude of this uncertainty, a clearer understanding of the effects of quenching 
can be obtained.
Chapter 5
Summary, Conclusions and Future Prospects
The main aim of this study of QQ and qQ mesons has been to test the claim that 
the general Wilson action is valid for lattice masses at which the discretisation 
errors are conventionally expected to diverge, i.e. M > 1, providing it is rein­ 
terpreted as a nonrelativistic effective theory. The firmest evidence of this was 
found in the excellent agreement of the dispersion behaviour of the pseudoscalar 
mesons with a continuum nonrelativistic dispersion relation containing two mass 
parameters.
However, in taking the next vital step and identifying the dynamical mass rather 
than the static mass as the physical mass, the results are encouraging, but as 
yet not convincing. A particular difficulty lay in the quantities studied, which, 
apart from the pseudoscalar decay constant, were identified as being determined 
by the hyperfine mass rather than the dynamical mass. A test of whether the 
hyperfine mass leads to accurate predictions for the mass splittings, through the 
approximation that MQS ~ MQI, is not ideal. Furthermore, the terms dependent 
on MQS are sensitive to short distance effects and possibly involve a significant 
uncertainty due to quenching in addition to discretisation errors, and comparison 
with experiment is muddied. Despite this, notable successes were found using the
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dynamical mass in preference to the static mass; in particular, the improvement in 
the predictions for the J/i/> — rjc splitting and the qQ splitting in the infinite quark 
limit. Similar calculations for the QQ mesons involving the dynamical mass are 
being performed by the Fermilab group [68] and will provide an important check 
of these results.
In general, for the qQ mesons, testing for the correct mass parameter and whether 
the general Wilson action is valid for M > 1 is difficult, since for the ft values 
used here (currently fairly popular choices) the dynamical mass is approximately 
equal to the static mass around the region of the charm quark mass, where most 
experimental data exists. However, it is clear that using the dynamical mass has 
a significant effect on predictions extrapolated to the region of the bottom quark 
mass, and more significantly, in the case of the pseudoscalar decay constant, the 
functional dependence on the mass parameter. A comparison of fp$ obtained from 
NRQCD around the bottom quark region [69] may prove decisive in determining 
whether or not the dynamical mass is the mass parameter corresponding to the 
physical mass. In addition, a measurement of the dispersion behaviour from, 
for example, fpsEphys (p), provides a further test for the correct mass parameter 
which avoids the difficulties involved in comparison with experiment.
For the QQ mesons, the dynamical mass does have a significant effect on the pre­ 
dictions for charmonium, and a comparison of the results for the leptonic decay 
amplitude with experimental showed a feature general to all quantities considered 
here; the improvement found using the dynamical mass, which in this case pro­ 
vided consistency with experiment, was more clearly seen in the results at (3 = 6.0 
than at (3 = 6.2. This suggests there are possibly significant discretisation errors 
in the dynamical mass; however, in order to judge the significance of this a range 
of quark masses comparable to those available at /3 = 6.0 is needed, particularly 
in the case of the qQ mesons.
Chapter 5. Summary, Conclusions and Future Prospects
There are many questions left unanswered, but this is a characteristic of an ex­ 
ploratory study. The significant differences in the results found between fixing 
the physical mass using the static mass and the dynamical mass (and the general 
improvement found using the latter) in the region of the bottom quark for both 
the QQ and qQ mesons, and the charm quark region for QQ, provides motiva­ 
tion for further research if the general Wilson action is to be continued to used 
for M > 1. Not least, a study must be made of whether the theory is spoilt by 
renormalisation.
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